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B POLYNOMIALS

Some Definitions

Real Polynomial
Let ay, ay, dy, --- » @, be real numbers and x is a real variable. Then, f(x) = ay + a;x + ay® + ... +ax" is called a real polynomial of
real variable x with real coefficients.

Complex Polynomial
If ay, a;, ay, -.- » a, are complex numbers and x is a varying complex number, then £ (x) = gy + a;x + ay® + ...+ a, x" is called a
complex polynomial or a polynomial of complex coefficients.

Rational Expression or Rational Function

; P(x
An expression of the form % , where P(x) and Q(x) are polynomials in x, is called a rational expression.

. . P(x .
In particular, when O(x) is a non-zero constant, *) reduces to a polynomial. Thus, every polynomial is a rational expression
but the converse is not true. 0(x) !

Few examples of rational expressions are:

x2+1

u—

2 —
@) f—)cfi;i Gi) 2—5x+4 (i)

. 1
(iv) x+ — ie.,
X

=
|
o

Degree of a Polynomial

A polynomial f(x) = ay + ayx + a2 + ... + a,x*", real or complex, is a polynomial of degree 1, if @, # 0. The polynomials 2x°> — 7x> + x + 5
and (3 — 2i) x> — ix + 5 are polynomials of degree 3 and 2, respectively. A polynomial of second degree is generally called a quadratic
polynomial and polynomials of degree 3 and 4 are known as cubic and biquadratic polynomials.

Polynomial Equation
If £ (x) is a polynomial, then £ (x) = 0 is called a polynomial equation. The general form of a quadratic equation is ax® + bx + ¢ =0,
a# 0. Here, x is the variable and a, b, c are coefficients which can be real or imaginary. '

Roots of an Equation
The values of the variable satisfying a given equation are called its roots. Thus, x = @, is a root of the equation f(x) = 0, if /(&) = 0.
For example, x = 1 is a root of the equation x> — 6x2 + 11x — 6 = 0, because P-6x12+11x1-6 =0.
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Solution Set

The set of all roots of an equation, in a given domain, is called the solution set of the equation. For example, the set {1, 2, 3} is the
solution set of the equation x> — 6x* + 11x — 6 = 0. Solving an equation means finding its solution set. In other words, solving an
equation is the process of obtaining its all roots.

B REMAINDER AND FACTOR THEOREMS

Remainder Theorem

The Remainder Theorem states that if a polynomial £ (x) is divided by a linear function x — k, the remainder is f (k).
Proof: '

In any division,

Dividend = Divisor X Quotient + Remainder

Let O (x) be the quotient and R be remainder.

= S =Gx-HOox+R

= f)=(k-kQOx+R=0+R=R

__/

¥/ The degree of the remainder is always one less than the degree of the divisor.

o

Factor Theorem
Factor Theorem is a special case of Remainder Theorem.
fO=Ex-HOx+R
or F®)=G-HoMx+f(k)
When f(k) =0, then f(x) = (x — k) Q (x). Therefore, f(x) is exactly divisible by x — k.

J(ITSF\a M  Given that the expression 2x° + 3px” — 4x + p has a remainder of 5 when divided by x + 2. Find the value of p.

s

Letf(x)=2x+3px? —4x +p

According to the question, we have
f2)=2(2P+3(2p-4(2)+p=5

= 13p—-8=5 = p=1

When an unknown polynomial is divided by (x — 1) and (x —2), we obtain the remainders 2 and 1, respectively.
LFind the remainder resulting from the division of this polynomial by (x — 1) (x — 2).

Let P (x) be the unknown polynomial and let g (x) be the quotient and r (x) = ax + b be the remainder resulting from the division
of that polynomial by (x — 1) (x — 2).

= PxX)=x-DEx-2)g(x)tax+b

According to the question, P (1) =2

= atb=2
Also, P(2)=1
= 2a+b=1

So, a=-1,b=3

Required remainder = (3 —x)
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(MR  Given that x> +x— 6 is a factor of 2x* + x> —ax? + bx +a+ b — 1. Find' the values Qfa and b.

| Solution |
Z+x—6=(x+3)(x—-2)
Let f)=2*+x-al+bx+a+b-1
FE3) =23+ 3By -a(3)2-3b+a+b-1=0

= 134—-8a—-2b=0 ,

= d4a+b=67 (1)
= f@)=2@2)*+2°-a@P+2b+a+b-1=0

= 39-3a+3b=0

= a-b=13 -(2)

From (1) and (2),a=16,b=3

Illustration 4 ERIEENGEETS the roots of the'équation (x —-a)(x £ b) — k=0, then ﬁndthe eéjﬁé}tidn having roots a and b.

v

Since ¢ and d are the roots of the equation (x — a) (x — b) — k= 0, we have
x—a)(x-b)-k=(x-c)x-d

= x—a)(x-b)=(x—-c)(x—d)+k

= x—c)x—d)tk=(x—a)(x-b)

Clearly, a and b are roots of the equation (x — a) (x — b) = 0.

So, a and b are roots of (x —¢) (x—d) + k= 0.

B IDENTITY

An equation which is true for every value of the variable is called an identity equation.
Examples of identity equation are: 5 (@ — 3) = 5a— 15, (a + b)?> = & + 2ab +b*

An inequality which is true for every values of the variable is called an identity inequality. For example, the inequality 20
is true for every value of a.

Consider the equation ax? + bx + ¢ = 0. We know that quadratic equation can have two real distinct roots or we can say that ax
+ bx + ¢ can be zero for two real distinct values of x, say o and S.

Now, suppose it is given that ax? + bx + ¢ = 0 is get satisfied by three values of x, say o, fand y(where a# S# )

ac?+ba+c=0 ..(i)
aff+bB+c=0 ...(ii)
ay +by+c=0 ...(iii)
From (i) — (i), a (2 = )+ b (e~ B)=0ora(o+ )+ b=0 .(iv)
From (ii) — (iii), a (BF - )+ b (B—)=0o0ra(B+P+b=0 : (V)
From (iv) - (v),a(a—p) =0
= a=0(@sa#y

= b =0 (from (iv))
= ¢ =0 (from (i))

Thus, a = b = ¢ = 0. Hence, ax” + bx + ¢ = 0 becomes 0x? + 0x + 0 = 0. Now, this is satisfied by not only ¢, $and ybut by all

real numbers. Thus, identity is true for all real numbers. Similarly, if cubic equation ax® + bx? + cx + d = 0 is satisfied by four values
o, B, yand 6, thena=b=c=d=0.

In general, any polynomial equation of degree » is an identity if it is satisfied by more than n values of x. Then all the coefficients
including constant term are zero.
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mﬁh"(a2 — 1) + (a— 1)x + a® — 4a + 3 = 0 is an identity in x, then find the value of a.

The given relation is satisfied for all real values of x then all the coefficients must be zero.

Then,
a?-1=0=>a=%1
a-1=0=>a=1

az—4a+3=0=>a=1,3

So, common value of a is 1.

B SOLVING EQUATIONS

Key Points in Solving Equations

Domain of Equation

It is a set of values of independent variable x for which each function used in the equation is defined i.e., it takes up finite real values.
In other words, the final solution obtained while solving any equation must satisfy the domain of the expression of the parent equation.

2_ —_—
For example, equation x—ixl—3 =0 is solvable over R — {—1}.
X
x*—2x-3
Now, ——= =0 = x*-2x-3=00r(x-3)(x+1)=0 = x=3(asxe R—{-1})

x+1
Extraneous Roots
While simplifying the equation, the domain of the equation may expand and give the extraneous roots.
For example, consider the equation =x-2.
= x=(-2) [On squaring both sides]
= P-5x+4=0 = (x-1)Ex-4)=0 = x=1,4
We observe that x = 4 satisfies the given equation but x = 1 does not satisfy it.
Hence, x = 4 is the only solution of the given equation.
The domain of original equation is [2, o).
On squaring the equation, domain expands to R, which gives extra rootx = 1.

Loss of Root
Cancellation of common factors from both sides of an equation lead to loss of root.
For example, consider an equation x> — 2x = x — 2.
= x(x-2)=x-2 = x=1
Here, we have cancelled factor x — 2 which cause the loss of root, x = 2
The correct way of solving the given equation is:
¥-2x=x-2 = x¥*-3x+2=0 = (x-1)x-2)=0 = x=1landx=2.

Illustration 6 RSO many real roots does the equation /x — 2 (x* —4x+3)=0 have?

Domain of the equation is [2, o).

The roots of the equation are x =2 and x = 3.
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m Solve the equaﬁon \[x +5+ \/x +21= \/a + 40

,/x+5 +w/x+2 =,/6x+40

= (,/x+5+,/x+21)2=6x+40 = (x+5)+@+21)+2 J(x+5)(x+21) =6x+40

= (x+5)(x+21) =2x+7 = (+5)@E+21)=(Qx+7)

= 32 +2x—-56=0 = (Bx+14)(x-4)=0 = x=4orx=-14/3

Clearly, x = —14/3 does not satisfy the given equation.

Hence, x = 4 is the only root of the given equation.

Equations Reducible to Quadratic

Many polynomials and rational equations are not quadratic. But suitable substitution reduces the given equation to quadratic one.

The following illustrations explain this.

(IS  Solve the equation (¢ +2)° + 8+ = 6x (2 +2).

Given equation is (x + 2) + 8x* = 6x (x> + 2)
Dividing throughout by x?, we get

2 2 2
(x +2] +8=6[X +2J
X X

2
= 12—6t+8=0wheret=x =2
x
t=4,t=2
x> +2 Xt 42
If =4 = x=2+2andif =2 = x=1%i
x x

(I i ldel  Solve the equation (7 = 5 +7) — (x—2) (x=3) = 1.

We have
02=5x+7P-(x-2)(x-3)=1
(P =5x+T)P}-(-5x+7)=0

—3
= Y —y=0, wherey=x>—5x+7
= y@-1)=0
= y=0,1
If y =0, then
P-5x+7=0
= x=——5i\/—225f28 = x5 Si;/z = x=5i;\/§

If y=1, then
P-5x+6=0 = (x-3)(x-2)=0 = x=3,2

5+iﬁ ands_iﬁ.
2 7

Hence, the roots of the equation are 2, 3,




B3 Mamemancs

b EUN  Solve the equation 12x* — 56x° + 89x% — 56x + 12 = 0.

1

The given equation is 12x* — 56x° + 89x% — 56x + 12 =0.

In this equation, the coefficients of the terms equidistant from the two ends are equal. So, first divide both sides by x? and then
regroup the terms containing same coefficient.
Dividing both sides of equation by x?, we get

12x% — 56x +89 — S I =0
X x2

2
12 (x2+i,)—56(x+l)+89=0 = 12{(.%1) —2]—56(x+1)+89=0
X~ X X X

=
1Y 1 1
= 12(x+—) —56(x+—)+65=0 = 12)*-56y+65=0,wherey=x+ —.
x X x
2 13 5
= 12)? —26y—30y+65=0 = (6y—13)(2y-5)=0 = wR SV 3
If y=£,then
6
1 13 5
x+—=€ = 6 -13x+6=0 = (Bx-2)(2x-3)=0 = x=2/3,3/2
x
5
If = —,th
y 5 en
1 5 N
\:+—=5 = 2X-5%+2=0 = E-2)(2x-1)=0 = x=2,12
X
Hence, the roots of the given equation are 2, —,%,%.

Smm® Concept )
1. Solve 4* + 6* =9~
2. Solve the following equations:
(M) x(x+2)(2-1)=-1 (i) y5x2—6x+8—y5x%—6x—7 =1
-3 2_3
3. Solve for x: (5+2\/E) +(5—2J§)x =10
4. Letx=1+ : ] . Then the value of x is
e P
1
24—
gt
2...00
p 2 @ = ® \ﬁ @ 2
W 3 V3 3 3
2
5. Solve: %—tw=0
x“—=6x-17
6. Determine the value of k for which x + 2 is a factor of (x + 1) + (2x + k)*.

10.

Find the value of p for which x + 1 is a factor of x* + (p - 3) X’ = (3p - 5) > + 2p - 9) x + 6.

Also, find the remaining factors for this value of p.

The value of k for which (a + 2b), where a, b # 0, is a factor of at+32b* + &b (k+3) is

a3 ) -1 @3) 2 4) 2

If the expression ax* + bx® — x* + 2x + 3 has remainder 4x + 3 when divided by x>+ x —2, then find the values of a and b.
(x+b)(x+c¢) A (x+c)(x+a) o (x+a)(x+b) S is o ideatity.

(b-a)(c—a) (c-b)(a-b) (a-c)(b-c) '

Show that
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B NATURE OF ROOTS OF QUADRATIC EQUATION

Consider the quadratic equation ax’ + bx + ¢ =0 ---(1)

Here,a, b,c€ Rand a#0.
-bi,/bz —4ac
2a

Now, if we look at these roots, we observe that the nature of roots depend upon the value of the quantity 5 — 4ac. This quantity
is generally denoted by D and is known as the discriminant of the quadratic equation (i). We also observe the following resulis:

Roots of the equation are given by x =

' K
D=0 D=0
Roots are equal o= f=-b/2a Roots are unegual
} : =
Y Y
a,b,ce RandD>0 abcsRandD<0
| Roots are imaginary a=p + ig, B=p—ig
v v
a, b, ce Q and D is a perfect square a.b,cs Qand
= Roots are rational D is not a perfect square

= Roois are ma:mp_al

a=1,b, ce Zand D is a perfect square a=p+ig.p=p—g

= Roots are integral

¥ 1fa, b, c € Q and b? — 4ac is positive but not a perfect square, then roots are irrational and they always occur in conjugaie
pair like 2 + V3 and 2 — V3. However, if all a, b, ¢ are not rational numbers and 5% — 4ac is po:rtn e but not a perfect square,
then the roots may not occur in conjugate pairs. For example, the roots of the equation x> — (5 = \’7) x=5N2=0are 5 and
V2 which do not form a conjugate pair.

# If ¥* - 4ac <0, then roots of equations are complex. If a, b and ¢ are real then complex roots occur in conjugaie pair like
of the form p + ig and p — ig. If all coefficients are not real then complex roots are not conjugate.

J(IIMS7ET L BGM Ifa+ b+ c=0then prove that the roots of the equation 4ax” + 3bx + 2¢ =0 where a, b, c € R are real and distinct

Given equation 4ax? + 3bx +2¢ =0
D = (3b)* —4 (4a) (2c) = 96* — 32ac =9 (-a — c)* — 32ac = 9a* — 14ac + 9>

i SR R EHE

This is always positive.

I

Hence, roots are real and distinct.

(IMEc T BPA 1fp, g € {1,2,3,4)}, then find the number of equations of the form px” + gx + 1 = 0 having real roots.

| Solution |

For real roots, we must have

Discriminant > 0 = ¢ -4p>20 = F>4p

If p=1Lltheng?>4p = 424 = q=2,3,4
p=2theng*>4p = 4>8 = g=3,4
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p=3,theng’24p = ¢*212 = g=4
p=4,theng®24p = ¢*216 = qg=4
Thus, we see that there are 7 cases.

m For some non-zero, real and distinct a, b, c, the equation (a® + 5) x>~ 2 b (@tox+ b2 + 02 0 has non-zero
real roots. Prove that one of these roots is also the root of the equation a®x* + a(c — b)x — bc = 0. i " '

(@+b)x*-2b@+c)x+b*+c*=0
D=4b¥a+c)* -4 (a*+ b (b* + ) =4 (b* - 2b%ac + a’c?) = —4 (b* - ac)?
For real roots, D >0 = —4 (b*—ac)*20 = b*—ac=0
So, roots are real and equal
Hence, each root equals to 25{gto) £ 0 = biato) = 2 N
2(a2+b2) a+ac a
This root satisfies the equation a*x* + a(c — b)x — bc= 0.

Illustrahon 14 If a, b c€ Rsuchthata+ b he = 0 and azc then prove that the roots of equatxon (b + c— a)Jc2 + (c +a— b) v
' ' x +(a+ b—c)= 0 are real and distinct. 7 : :

Given equation is
(b+c—a)yx*+(c+a-b)x+(a+b-c)=0
or (2a)p? + (=2b)x +(—2c)=0
or al+bx+c=0
= D=b—4dac=(-c—a)*—dac=(c—a)*>0
Hence, roots are real and distinct.
Alternatively, a + b + ¢ = 0 means x = 1 satisfies the equation ax* +bx+c=0.

mf Iff(x)= ax® + bx +c, g (x) =—ax? + bx + ¢ where ac # 0, then prove that f(x) - g (x) = 0 has at least two real roots.

Let D, and D, be discriminates of ax” + bx + ¢ = 0 and —ax? + bx + ¢ = 0, respectively.
Then, D, =b*-4ac, D,=b*+4ac :

Now, ac#0

So, either ac >0 orac <0

If ac >0, then D, > 0.
Therefore, roots of —ax? + bx + ¢ = 0 are real.
If ac <0, then D; > 0.

Therefore, roots of ax® + b); + ¢ =0 are real.
Thus, f(x) - g (x) =0 has at least two real roots.

General Quadratic Expression in Two Variables
General quadratic expression in two variables is givn by
ax® + 2hxy + by +2gx + 2y + ¢ (D)
Corresponding equation is: ‘
ax? + 2hxy + by + 2gx + 2+ ¢ =0
Or ax*+2 (hy+gx+ b’ +2f+c=0 ...(ii)
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_ —2(hy+ @) £\4(hy + g)* — da(by* + 2y +c)

2a
= s —(hy+g)i\/h2y2+g2+2ghy—aby2—2aﬁ1—ac
a
= ax+hy+g =+ (i - ab)y® +2(gh—af)y + g* —ac ...(iii)

Now, expression (i) can be resolved into two linear factors if (4% — ab)y* + 2 (gh — af)y + g — ac is a perfect square and /#* — ab > 0.
But (h* —ab)y? +2 (gh—af )y + g* —ac will be a perfect square if the discriminant of the corresponding equation
(h* — ab)y?+2 (gh—af )y + g* — ac = 0 is zero and > —ab > 0.
= 4 (gh—afy>—4 (W*—ab) (g —ac)=0and > —ab>0
= &h* + &f? - 2afgh — h’g? + abg® + ach® — a*bc = 0 and W2 —ab > 0
= abc + 2fgh — af* — bg* —ch* =0 and W* —ab >0

This is the required condition.

Illustration 16 - Fmdthevalu sof m for which the expressmn2x2+ mxy+ 3y?—5y—2canbe resél?ed into two rational linear factors.

Given expression is

22+ mxy+37=5p-2  ..(i)
Let us compare the coefficients of the given expression (i) with those of general expression ax? + 2hxy + by +2gx+2f +ec.

We get a=2,h=%,b=3,g=0,f=_75,c=—2

Expression 2x? + mxy + 3y? — 5y — 2 will have two linear factors if and only if
abc + 2fgh— af* — bg* —ch*=0

2.3 (_2)+2(‘—5j(0)(ﬂ)-2(— 5)2 ~3.0? —(—2)(ﬂ)2 =0
= 2 2 2 2) ~

25 m?
-12—- —+—=0
or > 2
or m? =49
m==7

B RELATION BETWEEN ROOTS AND COEFFICIENTS OF QUADRATIC EQUATION

Let o and f3 be roots of quadratic equation ax? + bx + ¢ = 0 then by factor theorem, we get
al+bx+c=a(x-0)(x-p
=a(?-(a+Px+ap)
Comparing coefficients, we have o+ 3= ~b/a and a8 = c/a
Thus, we find that

-b Coefficient of x

a Coefficient of x
and  op= C - _Constantterm
a  Coefficient of x°

Also, if sum of roots is § and product is P, then quadratic equation is given by x> — Sx + P =0,
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If o and B are the roots of x> — a (x — 1) + b = 0, then find the value of 21 + 21‘ +‘2
o“—aa B —af a+b

It is given that o and f3 are the roots of x> —a (x — 1) + b= 0.
Then o’—ac+a+b=0andfP-af+a+b=0
o?-ao=p-af=—a-b

1 1 2 v

_ - — ol e 1 b 1 i 2L
a°—aa B —-aBf a+b —(a+b) —-(at+b) a+bd

Now,

b

‘then prove

Illusfration 18 & b' If the ratio of thefroo_té of ax2 + 2bx + c":d' is same as the ratio ofthe.,r'o‘ots”of{he p)&% 2 & T
l~ far O s L
ac. pr. .

¢ o v a B
Given —=4 = Z_-L
B o y &
% e .,
= a+ﬁ= a—ﬂ. = a a = b_:q_
Y+o o) _2q L ac pr
p p

Illustration 19 If ﬁt_h,’ qth and rth téﬁns of an A.P. are in G.P. whose common ratio is £, then find the roots of equation

@2+ G-prtp-9=0.

Given, k= gitig-Dd 4t (n-1)d , Where a is first term of A.P. and d is common ratio.
a+(p-)d a+(g-1)d

" a+(@-)d—-a-@r-1)d N (q-r)d _q-r

= =
a+(p—-)d—-a-(¢g-)d (p-9)d p—gq
Since one root is 1, therefore, other root is pP-4q_ ll .
qg-r k

I({IMSAc1a[ Al If the equation formed by decreasing each root of ax® + bx + ¢ = 0 by 1 is 2x* + 8x + 2 = 0, then find the
condition for this.” - ;

Let o and S be the roots of the equation ax? + bx + ¢ = 0.

a+B=_2;aﬂ=£
a a

According to the question, roots of equation 2x? + 8x +2 = 0 will be o— 1 and - 1.

Sum of roots = — %
= a+p-2=-4
= —2—2=—4 = 2=2

a a
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Product of roots = 1

= (-1 (B-1)=1
= af-(a+p+1=1

= €240 4
a a
= ct+b=0 = b=-—

Hence, b=2a=-c

Illustration 21 I_fohe‘ root of 2 —x —k= 015 square of the other,\thén find the value of £.

Let orand o be the roots of 3% —x — k= 0.
Then ¢+ o =1and & =—k. .

= )P+ =1 = -KP+Ph=1

= KP-KP¥ =1 = P-k-3kE-k")=1
= B-k-3k()=1 = KF-4-1=0

= k=215

QA WPPN  If the roots of the equation x> — ax + b = 0 are real and differ by a quantity which is less than ¢ (¢ > 0), then

i
| 209 2
| prove that b lies between 2= and % :
Given roots are real and distinct, then

@ —4b>0 = b<d*4 ...(0)
Also, given that ¢ and f3 differ by a quantity less than c.
= la—fl<cor(a—PP<c* = (a+py—4daf<c?

22
or P—db<or & 4"’ <b (i)
2_ 2 2

= g - € <b< 34- [Using (i) and (ii)]

7 (S et IXN If a and b are non-zero distinct roots of x% + ax + b = 0, then find the least value of x + ax + b.
2 2

Solution
2
a a a
+ax+b=|x+—| +b——2b-—

2
. N a a
Least value of given expression is b — T when x + 3 =0.

Since a and b are roots of given equation, we have
at+tb=—a,ab=5b

= b=-2gandb(l-a)=0

= a=1asb#0andhence, b=—-2

Hence, least value is:

2
pel s 5.0 "0

4 a7
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Illustration 24 IRV and tan B are the roots of the quadratic equation x% - px + g = 0, then find the value of sin® (4 + B), ;

We have, tan 4 +tan B=p andtan 4 tan B=g¢q
tan4+tanB _ p
l-tan AtanB 1-gq

2 2 2 2
Now,  sin?(d+ B) = tan” (4+B) _ p/1-¢g)° _ P

sec? (A+B)  1+p*i(1-q? (1-q)*+p*

tan (4 + B) =

| ¢ (x—1)*=0 in terms of and f.

a® —bx (x—1)+c (x-1)*=

(IBIEVITPLN  If o and f3 are the roots of the equatnon ax2 + bx + ¢ = 0, then find the roots of the equatlon ax2 bx (x— =1+

2
& 2+b—"+c=o (@)
(l—x) 1-x

ois aroot of ax? + bx + ¢ =0.

Then let o= x = x= =%

1-x a+l
So, roots of (i) are x ,—ﬁ—.
1+o 1+

Illustration 26
2b 0, respectlvely, where g, b and c are positive real numbers, then prove that o+ o2 =0.

Here a+ﬂ=—2—b,}’+a=—i,a+5=—-a-
a 2b

; Ifaaud,B aand'y,aand6aretherootsoftheequatlonsax2+2bx+c 0,2bx> +cx+a=0and cx® + ax + ‘

1
1

[
2b
and  offi= % oy= %,a5= =
= o+ 6=—L
ofs
or 2B+ ofd=— ...(Q)
o+ [3=——1—
ay
or o2y+ afy=-1 ..(ii)
(ZT}’:—E,
28+ ady=-1 ...(iii)

Solving equations (i), (ii) and (iii), we get a=—1

o+ =)+ (=1)’==-1+1=0
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Let o and ¥ be the roots of the equation Ax? — 4x + 1 = 0. Also, let 8 and & the roots of the equation of :

Bx* ~ 6x + 1 = 0. Then find the values of 4 and B such that o, f3, yand & are in H.P.

[Solution |

o, f, v, 6 are in H.P.

= l,i,‘]—,—]- are in A.P.

o By 6
And these may be taken asa—3d,a—d, a+d, a + 3d.
Replacing x by 1/x we get the equation whose roots are —1—, l, —1—, l
So, x*—4x+ A =0hasroots a—3d,a+d. o By s
And x> = 6x+B=0hasrootsa—d, a+3d

From sum of roots 2 (a—d)=4and2 (a+d)=6
a=52,d=1/2

From product of roots, we get (a —3d) (a+d)y=A=3
(a-dy(a+3d)y=B=38

And

13.
14.

15.

h

. For which of the following values of , the roots of the equation x* + &* = 8x + 6a are real?

H COMMON ROOTS

(1) [-8,2] - @ [298 G 39 % @ 2,9

Find the condition if the roots of ax2 +2bx + ¢ =0and bx* — 2+/ac x + b = 0 are simultaneously real.

If a < ¢ < b, then check the nature of roots of the equation (a— b)?> x> +2 (a+b—2c)x +1=0.

If b)b, =2 (c; + ¢;), then prove that at least one of the equations x* + b,x + ¢, =0 and x> + b,x + ¢,= 0 has real roots.

The equation x> + bx + ¢ = 0 has distinct roots. If 2 is subtracted from each root, then the resultant roots are reciprocals of

the original roots. The value of b* + ¢?is

(1) =5 @ 3 | @) 4 | @ s

If ab + bc + ca = 0, then solve the equation a (b —2c)x* + b (c —2a) x + ¢ (a—2b) = 0.

If the sum of the roots of the equation (a + 1) x> + (2a + 3)x + (3a + 4) = 0 is 1, then find the product of the roots.

If x, and x, are the roots of x* + (sin 6— 1) x — & cos? @=0, then find the maximum value of x7 + x2.

The sum of the roots of an equation is 2 and sum of their cubes is 98. Find the equation.
If ocand f are the roots of the equation x> — ax + b= 0 and 4, = o' + 8", then prove that 4, . ; = a 4, — b4, _,.

. Ifthe roots of the equation 12x? — mx + 5 = 0 are in the ratio 2 : 3, then find the value of m. :
. If one root of the quadratic equation ax®> + bx + ¢ = 0 is equal to the nth power of the other, then prove that

1 1
(acn)n-H + (aﬂc)n'ﬂ =t _'b.

If P (x) = ax® + bx + ¢ and Q (x) = —ax? + dx + ¢, where ac # 0, then prove that P (x) O (x) = 0 has at least two real roots.
Let a and b be the roots of the equation x*> — 10cx — 11d = 0. Also, let the roots of the equation x*> — 10ax — 115 =0 be cand

d. Thenthe value of a+b+c+d wherea#b#c#dis
1) 121 @) 1210 @3) 1000 @) 1200

Let a, b and ¢ be real numbers with a # 0. Also, let azand 3 be the roots of the equations ax? + bx + ¢ = 0. Express the roots
of &®x* + abex + ¢ = 0 in terms of oand f3. \

%

Condition for One Common Root

Let o be the common root of the quadratic equations a,x? + b,x + ¢, = 0 and ay* + by x + ¢, = 0.
Then, a; 02+ b, 0+ c;=0and a, &2 + by 0+ ¢, =0

Solving these two equations by cross-multiplication, we get
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o2 i a - 1
bc,—be aam-ca ab—-ah
= 2 = bic, — by ahds S92 59 Sl
ab, — axby ab, —aby
2
= be, —be _ [ qa,—ca =4
albz — azbl alb2 - azbl
= (c1a, - Czal)2 = (byc; = byey) (a1by — ayby)

This is the required condition for one root to be common of two quadratic equations.
There is a trick to memorize this condition, which is shown in the following figure:

(Cross product of extremes)? = Product of cross products of middle terms with extremes

.. ca, — c,a bc, — byc,
The common root is given by a= 12271 pp =122 271

ab, — ayby Ga; —6q

 The common root can also be obtained by making the coefficient of x> common to two given equations and then subtracting
the two equations. The other roots of the given equations can be determined by using the relations between their roots and
coefficients.

Condition for Both Rocts being Common
Let ozand 8 be the common roots of the quadratic equations a;x* + b;x + ¢; = 0 and a,x* + byx + ¢, = 0.

. S a
Then both the equations are identical. Hence, — = — = —

o Iftwo quadratic equations with real coefficients have a non-real complex common root then both roots will be common,
i.e., both the equations will be the same. So the coefficients of the corresponding powers of x will have proportional values.

™ Iftwo quadratic equations with rational coefficients have a common irrational root p + \/c; then both roots will be common,
i.e., no two different quadratic equations with rational coefficients can have a common irrational root p + \/—q_ : Y,

(e[ P2: 8 Find the values of m for which the equations 3x%+4 mx+2 =0 and 2x* + 3x —2 = 0 may have a common root.

Let o be the common root of the equations 3x% + 4 mx +2 = 0 and 2x* +3x —2 =0,

Then, o must satisfy both the equations

302 +4mo+2=0 ()
and 200 +3a-2=0 ...(ii)
From equation (ii), 2a—1) (a+2) =0

a=1/2or-2

So, common root may be 1/2 or — 2.

; 2 S8, \ 11 ,
Putting oc= 1/2 and -2 in equation (i), alternatively, we get m as — ry and % , respectively.
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| Illustration 29 JW x>+ 3x+5=0and ax® + bx + ¢ =0 have a common root and a, b, ¢ € N then find minimum value of a+ b + c.
| Solution

Roots of x? + 3x + 5 = 0 are non-real. Thus, given equations will have two common roots.

a b ¢
= —_—_——=—=

1 3 5
= at+tb+c=94

Thus, minimum value ofa+b+¢=9

TR cla VN Given that ), 3, are the roots of ax? + bx + ¢ = 0 and @, 3, are the roots of px* + gx +r=0.If 0, = B, B, = 1,
a b ‘ ‘C ) 3 3 \ N :
then prove that — =—=—." .
S T Fe @0 P

i
!
1

1
0= —and B, =—
o B
In other words, the roots of the second equation are reciprocals of the roots of the first one.

In equation (i), replacing x by l, we get cx” + bx + a = 0 whose roots are o, B.
X

Hence, it is same as px” + gx +r=0.
. . . c b a
Comparing ratios of coefficients, we get —=—=--
p q r

If2 + ax+be=0and 2 + bx + ca= 0, (a # b) have a common root, then find the equation formed by their
other roots. " R :

Subtracting the given equations, we get
(@a-bx+c(b-a)=0
So, x = c is the common root.
Thus, roots of x*> + ax + bc = 0 are b and ¢ and those of x* + bx + ca = 0 are ¢ and a.
Also, b+c=-a.
Thus, the required equation is:
—(@a+b)x+ab=0
= Z+ex+ab=0

Repeated Roots

If equation f (x) = 0, where f'(x) is a polynomial function, and if it has roots ¢, @, B, ... or root « is repeated root, then f(x) = 0 is
equivalent to (x — a)?(x— ) ... = 0, from which we can conclude that

F)=00r2(x-0) [(x-P) ..]+x-)?[x-p)..]1" =0
or (x—a) 2{(x—-p)...} + (x—0) {(x—P) ...} 1= 0 has root c.
Thus, if & occurs twice in the equation f(x) = 0 then it is common in the equations f(x) = 0 and f*(x) = 0.

Similarly, if & occurs thrice in the equation then it is common in the equations f(x) =0, f ‘(x)=0and f”(x)=0.

B RELATION BETWEEN COEFFICIENTS AND ROOTS OF EQUATION OF DEGREE n

e Let crand 3 be that roots of quadratic equation ax? + bx + ¢ = 0. Then by factor theorem,
al+bxtc=a(x-0)(x-P) =a(*-(a+Px+af)

Comparing coefficients, we have @ + f§=-b/a and aff = c/a
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e Let @, Band ybe the roots of cubic equation ax® + bx* + cx + d = 0. Then
ad+bt+ex+d=a(x—a)x—-B (x-P=a@-(a+ B+ P2+ (af+Py+ opx—apy
Comparing coefficients, we get
o+ B+ 7y =-bla, af+ By+ ay=cla, and afy =—dla

o If @, B, yand Sare the roots of ax*+ bx* + cx? + dx + e = 0, then
o+ B+ y+ 6=-bla
o+ ay+ ad+ By+ Bé+ y6= cla (sum of products taking two at a time)
afy+ Byd+ yda + S = —d/a (sum of products taking three at a time)

ofys=ela
In general, if o, 0y, 03, ... , 0, are the roots of equation ayx” + ax" ! + a,x" "2+ ... + a,_1x +a,=0, then
Sum of all roots, oy + oy + 05 + ... + an:_ﬂ
ao

Sum of product of roots taking two at a time = %
9

Sum of product of roots taking three at a time = 4
]

Product of all roots = (—1)" 2
a

™ A polynomial equation of degree n has n roots (real or imaginary).

¥/ If all the coefficients are real then the imaginary roots occur in pairs i.e., number of imaginary roots is always even.

W Ifthe degree of a polynomial equation is odd then the number of real roots will also be odd. It follows that at least one of
the roots will be real.

4 Solving Cubic Equation:
By using factor theorem, together with some intelligent guessing, we can factorize polynomial of higher degree. To solve

a cubic equation ax® + bx? + cx + d = 0, obtain one factor (x — @) by trial and error.
\_ Factorize ax® + bx> + cx + d as (x — @) (hx* + kx + s), then solve the quadratic equation (hx® + kx + s = 0) for other roots. )

(Gt IVl If two roots of x> — ax? + bx i 0 are équal in magnitude but opposite in signs then find the condition.

Let the roots be x;, —x; and x,.

Then xl—x1+x2=a =>x2=a
Hence, x = a is a root of the given equation.

= F-d+ab-c=0 = ab=c

m If o, Band yayre the roots of the equation x* + 4x + 1 =0, then find the value of (ar+ )™ + (B+ P + (y + o)™ ;

For given equation
oat+pB+y=0,
aff+By+ ay=4and affy =-1
Now, (a+p'+@B+P+¥+oy' =(=p +(-p)" +(-a)
__9B+By+ay
- =4
oBy
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WERNERITIIEES  If o, B, yand Sare the roots of the equation x* — K® + Kx? + Ly + M= 0, where K, L and M are real numbers,
then find the minimum value of &2 + B + ¥ + &

Roots of equation a* — Kx® + K32 + Ly + M= 0 are o, B, yand 4.
Y o=k, YoB =K, Y oy =-L, aPys=M
&+ P+ P+

=(a+B+y+ 5)2—22043
=K*-2K=(K-1)*-1
(O + o+ P+ &) =1

L Ifa; b, c; ay, b and cl are ratlonal and equatlons axz +2bx+c=0and ax* + 2b1x +ej= 0 have one and only one root in
common, then prove that both 4> - ac and- by’ ~ayc are perfect squares.
2. Every pair from among the equations P+av+be= 0,22+ bx + ca=0and x2 + cx + ab = 0 has a common root. Then find |
the sum and product of common roots.
3. Ifa,b,pandgq are non-zero real numbers then how many common roots can the equations 2432 —2 abx + b =0 and p?
C+2pgxtgP= 0 have?
4. If the equations ax® + bx + ¢ = 0 and r3 + 3x? + 3x + 2 = 0 have two common roots, then find the condition.
: @) a=b=c (2) atb=c 3) a=-b=c 4) a=2b=3c
5. Iftan 6, tan 6, and tan 93 are the real roots of the x> — (a + 1) x>+ (b—a)x—b=0, where 6, + 6, + 6; € (0, m), then find |
 the value of 6, + 6, + 6. ; ~
6. Let r, s and 7 be the roots of the equatlon 83 + 1001x -+ 2008 = 0. Then find the value of (r+sP+(@+0)>+@+r)’

7. If &, Band ¥ are the roots ofthe equation x> +px“ + gx + r =0, then find the value of [a - ﬁ—J ([3 = —) (y - _I,B-J
Y

L

B QUADRATIC FUNCTION

Let f(x) =+ bx+c,wherea, b,c,e€ Rand a#0.
We have

2 2 2 _p2 2
f(x)=al:x2+2x+£:l—ax +bx+—b—+£—b—- =a(x+i) +§# =a(x+£ sl
a a a 4a* a 4a* 2a 4a 2a 4a®

Now, lety =f(x)

=> =a (x.i.i)z _i
& 2a 4a*
]

ind Y 4a 2a

. b D
Thus, y = f(x) represent a parabola whose axis is parallel to y-axis and vertex is at (-— Pyt —4—-) . For some values of x, f(x)
a a

may be positive, negative or zero. Also, for a > 0, the parabola cpens upwards and for a <0, the parabola opens downwards. This
gives the following cases:
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() |a>0andD<0 N
So,f(x)>0VxeR
i.e., f(x) is positive for all values of x.
kg D
Range of function is l:— = oo) ,andx=— ZL is point of minima.
1A
1 —>-x
0
(i) [@<0andD<0 -
So,f(x)<0Vxe R . g
i.e., f(x) is negative for all values of x. i
i D
Range of function is (—N, S 4—] ,and x = ——Zb— is point of maxima.
a
Y
yl
(iii) [@>0and D=0 Y
So,f(xX)20Vxe R 1
i.e., f(x) is positive for all values of x except at vertex where f{x) = 0.
S
0 A
(iv) |a>0and D>0 y
Let f(x) = 0 have two real roots o and 3 (< ). Then 1
S(x)>0Vxe (o, ) U(B,=)andf(x) <0V xe (a ).
O[F N7 B
(v) |a<0andD=0 0 A
So,f(x) <0V x € Ri.e.,f(x) is negative for all values of x except at >X
vertex where f(x) = 0.
Y,
y
(vi) |a<0andD>0
Let f(x) = 0 have two roots ccand 3 (¢ < f3). . a/ \B 4
Then f(x) <0V x € (=, @) U (B, ) and f(x) >0V x & (¢t ) 0 / \ bii
Y
y/

Note: 7

™ Iff(x)20,VxeRthena>0and D<0
M If f(x)<0Vxe Rthena<0and D< 0
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m Let f(x) = ax? + bx + ¢ be a quadratic expression having its vertex at (3, —2) and /(0) = 10. Then find £ (x).

fX)=a*+bx+c

f(0)=10
= c=10
Vertex = (—i —2-)
2a  4a
2a
2
and (o> stac) =-2
4a
From (ii), we get
2
_b_+10=_2
4a
= _.i 2 =—-12
2a 2
4
a=_
3

f(x)=%x2—8x+10

3b

=-12 = b=-8
2

...0)

...(ii)

(Putting ¢ = £(0) = 10)

Illustration 36 ERIRIE eQuation ax>+bx+tc=x has no real roots then prove that the equation a(ax® + bx + c)* +
b(ax* + bx + ¢) + ¢ = x will have no real root. /

Solution

It is given that ax? + bx + ¢ = x has no real roots.
= ax? + bx + ¢ > x or ax* + bx + ¢ < x for all real x
Let ax*+bx+c>xand ax® + bx +c =P (x)

& P(x)>x
= P(Px)>P(x)

= a(@?+bx+cl+b@l+bx+c)tc>al+bx+c>x

Similarly, for ax? + bx + ¢ <x, it can be proved that
a(ax® + bx + c) + b(ax* + bx +c) + ¢ <0

Hence, given equation has no real solution.

EERTECERA For allx € R,if A*~ 9% + 52+ 1 > 0, then find the values of 4.

Ax*=9Ax+5A+1>0forallxe R
Then we must have A >0 and D <0.
= A20and (92)?—4A (54 +1)<0

= A>0and 6142 -41<0

= OS).<i

61
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ITRic LR Ifa,be R,a#0 and the quadratic equation ax*— bx + 1 = 0 has imaginary roots then prove thata+b+1> 0

Solution|

Let f(x) = ax* — bx + 1. Since f(x) = 0 has imaginary roots,
D=b"-4a<0 = a>0

So, the graph of given quadratic equation is concave upwards.

= fx)>0,VxeR

= SED>0

= a+b+1>0

B LOCATION OF ROOTS

In some problems, we want the roots ozand f of the equation ax” + bx + ¢ = 0 to lie in a given interval. For this we impose conditions
on a, b and c. Consider the following cases.

1. o, >0
Graphs fora>0

_ Graphs fora <0
—bl2a )
—b/2a
0 LIN_ 0 x
—bl2a ~b/2a :
e i X xl X 1 °

=

X

o
o

Conditions:
(i) Sum ofroots, oc+ >0
= L >0
2a
(ii) Product of roots, - >0

= a-f(0)>0 ' (- when a> 0, £(0) > 0 and when a < 0, f(0) < 0)
(iii) D=0
2. o, <0
Graphs fora >0 Graphs for a <0

—bl2a
-b2a

-b/2a

N
“---do
S (=

=
=
~
ob---->
=

Conditions:
(i) Sum ofroots, ¢+ <0

= —i<0
2a

(ii) Product of roots, - >0
= a-f(0)>0
iii) D=0
i) a>0’ a<o0
3. o <0 < f3(roots of opposite signs) x
Product of roots, o3 <0 xt (t) x

1 X
Alternatively x \l_/

Whena>0,f(0)<0
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And when a <0, f(0)>0
= a-fl0)<0
a, ﬁ > k
Graphs fora >0 Graphs for a<0
-bl2a
-b/2a
h L x” {c VAT x x" /f x
1\ —b2a t\ —b/2a | !
e ; ' '
Conditions: '
@ a-f)>0 (- when a >0, f(k) > 0 and when a <0, f (k) < 0)
s b
1) ——>k
(i1) o=
(iii) D=0
o, B<k
Graphs for a >0 Graphs for a < 0
—~b2a
-b/2
, : oIk Lk,
~bl2a /! -bl2a /| : |
x” \\i/ ,:c X x’ [,c x | |
Conditions:
@ a-f(k)>0 (- whena >0, f(k)> 0 and when a < 0, (k) < 0)
b
ii) ——<k
(i) %
(iii) D=0
o < k < 3 (one root is less than k and other root greater than k)
Whena>0,f(k)<0 a>0 a<o0
And when a <0, f(k) >0 : m
= a-f(k)<0 ) h x* - x
X X
Exactly one root lies between (ky, k)
Graphs fora> 0 Graphs fora<0

x,kl/l’\ xx,O/T\"zx
kz kl
T NCA LA N

From the graphs we can see that f (k) and f(k,) have opposite signs.
Hence, f (k) - f (k) <0
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8. Both the roots lie in the interval (k;, k;)
Graphs fora>0 Graphs fora<0

~b/2a
i TN, e ke h
p —~bl2a . 3t | ’ 2
P

. X
kl -—b/2a k)

=

From the graph, we observe
(@) a-f(k)>0anda-f(k)>0
(ii) & 2 <k,
2a
(iii) D=0
9. One root is less than k, and other is greater than k,

a>0 a<0

In this case k; and k, lies between the roots.
From the graph, we observe

a-f(k)<0anda-f(k)<0

Illustration 39 MRS —(m—=3)x+m=0(me R)be a quadratic equation. Find the values of m for which the roots are

(i) real and distinct (ii) equal
(iii) notreal , (iv) opposite in sign
(v) equal in'magnitude but opposite in sign (vi) positive
(vii) negative : (viii) such that at least one root is positive

(ix) such that one root is smaller than 2 and the other root is greater than 2
(x) both greater than 2
(xi) both smaller than2

(xii) such that exactly one roots lies in the interval (1, 2)

(xiii) such that both the roots lie in the interval (1, 2)

(xiv) such that at least one root lies in the interval (1, 2)

(xv) such that one root is greater than 2 and the other root is smaller than 1

Let fx)=x*~(m-3)x+m=0
(i) Both the roots are real and distinct.
= D>0
= m-3%-4m>0 = m*—1m+9>0 = (m-1)(m-9)>0 = me (-, 1)U (9, =)
(i) Both the roots are equal.
= D=0= m=%0rm=1
(iii) Both the roots are imaginary
= D<0 = m-1)(m-9)<0 = me (1,9)
(iv) The roots are opposite in sign.
i.e., product of roots is negative.
= m<0 = me (-, 0)
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(v) Roots are equal in magnitude but opposite in sign
i.e., sum of roots is zero as well as D > 0.
= me (-0, 1)U (9,0)andm—-3=01ie,m=3
No such m exists. So, m € ¢

(vi) Both the roots are positive.
ie., D >0 as well as sum and product of roots, both are positive.
=> m=-3>0,m>0andme (oo, 1]U[9,0) = me [9, )

(vii) Both the roots are negative.
i.e., D >0 and sum is negative but product is positive.
= m-3<0,m>0andme (—oo, 1]U[9,) = me (0, 1]

(viii) At least one root is positive.

This means that either one root is positive or both the roots are positive.
i.e., union of (iv) and (vi)
= me (—o0,0)U[9, )

(ix) One root is smaller than 2 and other root is greater than 2.
i.e., 2 lies between the roots.
= f(2)<0
= 4-2(m-3)+m<0
= m>10

(x) Both the roots are greater than 2.

= f(2)>0,D20, il >2
2a
= m<10andme(—oo, 1]U[9,0) and m -3 >4

= me [9,10)
(xi) Both the roots are smaller than 2.

= f(2)>0,D>0, —i<2
2a

= me (oo, 1]
(xii) Exactly one root lies between (1, 2).
=f(1)-f(2)<0
= 4(10-m)<0
= me (10, o)

(xiii) Both the roots lie in the interval (1, 2).

Then
D>0
= m<lorm=29 ..(D
Also, f(1)>0and f(2)>0
= 10>m ...(2)
And1<—i<2
2a
= 5<m<7 ...(3)

Thus, no such m exists

(xiv) Case I: Exactly one root lies in (1, 2).
f-f2)<0 = m>10
Case II: Both roots lie in (1, 2).
From (xiii), m € ¢ _
For at least one root lying in (1, 2), we have m € (10, oo).
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(xv) One root is greater than 2 and other is smaller than 1.
S(1)<0 ()
f(2)<0 . (2)
From (1), /(1) <0, but /(1) = 4, which is not possible
Thus, no such m exists.

| e

(Solution]

¥ +2ax+a<0,Vxe[l,2]
So, 1 and 2 lie between the roots of the equation

URAERAN  If x* + 2ax +a <0V x & [1, 2] then find the values of a.

X +2ax+a=0 e
S(1)<0 andf(2)<0
1+2a+a<0and4+4a+a<0

(=-3)
= Q€ | —oo, ——
. -5

_—

¢

1

m Find all the possible values of a for which ax*+ (a —3) x + 1 <0 for at least one pésitive real x.

Let f(x)=a’+(@-3)x+1
Casel:a>0

If a > 0, then /' (x) will be negative only for those values of x which lie between the roots. We can y
say that /' (x) will be less than zero for at least one positive real x, when f(x) = 0 has distinct roots and at
least one of these roots is positive real root
Since f(0) = 1 > 0, the favourable graph according to the questions will be as shown in the figure.

From the graph, we can see that both the roots are non-negative. | Nz o
For this,
@i D>0
= (a-3P-4a>0
= a<lora>9 (i)
(i) sum > 0 and product =0
= —(@-3)>0and1/a>0
= a<3 ..(ii)
From (i) and (ii), a <1
Buta>0 = a€ (0,1)
CaseIl: a<0 .
Since f(0) = 1 > 0, graph will be as shown in the figure.
From the graph, we get

ax*+a (a—3)x+ 1<0, for at least one positive x. * 71 \ r
CaseIll: a=0

Ifa=0,f(x)=-3x+1

= f(x)<0,Vx>1/3

Thus, from all the cases the required set of values of @ is' (- o, 1).
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. If a € R, b € R then prove that the equétion x* — abx — a® = 0 has one positive root and one negative root.

. If the roots of the quadratic equation, (4p — p* — 5)x* — (2p — 1)x +3p = 0 lie on either side of unity then the integral values |

Leta, band c be real. Ifdffbx+c¥0has two real roots azand 8, where c:<—1 and B> 1, then show that 1+ <+ 4

' Concept Application Exercise 4 %)

Ax? +3x+4

Find the values of A for which et 5 forallxe R.
X +2x+2

Let f(x) = ax® — bx + cz, b+#0and f(x) # 0 for all x € R. Then prove that 4a + c* > 2b.
If o and B are the roots of > —=3x + A=0 (A€ R)and o< 1< B, then find the set of values of A.
If the roots of the equation (a — 1) (* +x + 1) ={a + 1) (x* +x* + 1)-are real and distinct then find the values of a.

x and x, are the roots of ax” + bx + ¢ = 0 and x, - x, < 0. Then prove that roots of x; (x —x,)* +x, (x—x;)*=0 are real and |
of opposite signs. ‘ : “

Find the all the values of m for which both roots of the equation x> — 2mx + m* -1 = 0 are greater than —2 but less than 4.

of p are

W14 o @5 @ {1,3) @ 2.4

For the quadratic equation 4f —-2(a+c—1)x+ac—b=0(a>b>c), prove that exactly one of the roots lies between % and % =

Ifa<b<c< d, then prove that the roots of the equation (x — a) (x—¢) + 2 (x — b) (x — d) = 0 are real and distinct.

<0 |

a a

Ifx*+(@-b)x+(1—-a-b) =0wherea, be R then find the values of a for which equation has unequal real roots for all

values of b. 48
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_ SOLVED EXAMPLES

MisceLLanEous ProBLEMs BAsep oN ONE orR MoRE THAN ONE
CoNcepts

If the roots of an equation x” — 1 =0 are 1,
—a)(l-a) (1-aj) ...

) n*
@0
Solution
Clearly,
F-1=x-DEx-a)@x-ay) ... x—a,_1)
X —11 =@x-a)(x-a)..(x—a,)

= 1+x+x2+. +x'= 1)
Putting x = 1, we get
= n=(1-a)(1-a)...(1-a,_y)

Hence, the correct answer is (1).

x—a)(x—ay) ... (x—

xampl 45 The number of real solutions of the equation
(9/10)‘ = 3+x-2is

1) 2 ) 0
@31 (4) none of these
Solution

Letf(x)=—3+x —x?. Then f(x) <0 for all x, because coefficient
of x> <0and D <0.

Thus, L.H.S. of the given equation is always positive whereas
the R.H.S. is always less than zero. Hence, there is no solution.

Hence, the correct answer is (2).

| The integral values of m for which the roots of
the equatlon mx* + (2m — D)x + (m — 2) = 0 are rational can be
given by the expression (n € I)

1 »

@) n(n+1)
Solution
Discriminant, D = (2m — 1) —4 (m - 2)m

=4m+1
For the roots being rational, D must be a perfect square.
= 4m+ 1=k forsome ke I

= m= _(.k;l-%(lll) , clearly £ must be odd.

(2) n(nt2)
(4) none of these

Let k=2n+1
_ 2n(2n+2)

4
Hence, the correct answer is (3).

=npm+1),nel

i | Total number of values of a so that P-x-a=0
has 1ntegral roots, where a € N and 6 < a <100, is

1) 2 ) 4
(3) 8 ) 6
Solution

xX*-x-a=0,D=1+4a=o0dd
D must be perfect square of some odd integer.
Let D=QA+1)
= 1+4a=1+41*+42
= a=A(A+1)
Since a € [6, 100],
= a=6,12,20, 30, 42, 56, 72, 90
Thus, a can attain 8 different values.
Hence, the correct answer is (3).

£ Examp ( Number of values of x satisfying the pair of
quadratlc equations x*> — px + 20 =0 and x> —20x + p = 0 for
somep € R, is

M1 ) 2
3 3 (4 4
Solution

Given equations are
¥ —px+20=0andx*~20x+p=0
If p = 20, both the quadratic equations are identical. Hence,
x =10+ 45 or x = 10 — 45 satisfy both the equations.
If p #20then x> —px+20=x>—20x +p
= 20-p)x+(20-p)=0
= x=-1andp=-21
Hence, there are 3 values of x.
x=(10 +4\5), (10— 4\5), - 1
Hence the correct answer is (3)

T

LExample 6 ] Suppose a, b, ¢ € I such that greatest common
divisor of x* + ax + b and \'Z+ bx + ¢ is (x + 1) and the
least common multiple of x> + ax + b and x* + bx + ¢ s
(x> — 4 x> + x + 6). The value of (a + b + ¢) is equal to

(1) -6 @) -4
(3) -2 4 0
Solution ‘

According to the question, we have
Prax+b=(x+1)(x+b)
Putting x = 1, we get
btl=a (1)
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Also, xX*+bx+c=(x+1)(x+c)
Putting x = 1, we get
ctl=b
or b+1=c+2 ‘ w(2)

Hence, b+1=a=c+2

Also, (x+1D)@E+b)(x+c)=x*-4x*+x+6
B+ +b+c)P+(b+bc+c)x+be
=X -4 +x+6
Comparing coefficients, we get
l+b+c=-4,
b+bc+c=1,
bc=6
Solving, we getc=-3;b=—2anda=-1
= atb+tc=-6

Hence, the correct answer is (1).

. 1 The number of values of k& for which
[x2 k—2yx + kz] [ + ko + (2k — 1)] is a perfect square is
1) 2 21
30 (4) None of these

Solution
For given situation, x> — (k—2) x + ¥ =0and x> + kx + 2k—1=0
should have both roots common or each should have equal roots.
—-(k-2) K

ko 2k-1

If both roots are common then % -

= k=—k+2and2k— 1=K = k=1
If both equations have equal roots, then
(k—2)>-4k*=0and ¥ - 4Q2k-1)=0
= (3k—2) (k-2)=0and -8k +4=0,
We get no common value from this case.
k=1, is the only possible value.

Hence, the correct answer is (2).

S
w (17

Examp ?; Let f (x) = Ax> + Bx + C where 4, B and C are
real numbers. If £(x) is an integer whenever x is an integer, then
which of the following numbers is not necessarily integer?

(1) 24 @) 4+B
3 C (4) none of these
Solution

Let us consider the integral values of x as 0, 1, —1. Then £'(0),
/(1) and (1) are all integers.

So, C,A+ B+ Cand A — B+ C are all integers.

Since C is integer, A + B and 4 — B are also integers.
24=(A+B)+(A-B)

So, 24, A + B and C are all integers.

Hence, the correct answer is (4).

LExampl | The number of integral values of a for which
the quadratlc equation (x + a) (x + 1991) + 1 = 0 has integral
roots are

1) 3 @ 0
31 4) 2
Solution

(x+a)(x+1991)+1=0

= (x+a)(x+1991)=-1

= x+a=1andx+1991=—1v

= a=1993

or xta=-landx+1991=1 = g=1989

Hence, the correct answer is (4).

0| Let arand Bbe the roots of the equation x> — 2x

+3=0. Then the equation whose roots are P= o® — 302 + 50— 2

and 0=’ - f*+ B+5is
(1) 2+3x+2=0
(3) ¥*-3x+2=0

) ¥*-3x-2=0
(4) none of these

Solution

It is given that ccand S are the roots of equation x> — 2x + 3 = 0.
= o?-2a+3=0 ...(D)
and B-2B+3=0 ...(2)

?=2a-3o0r o =202-3c
=2c?-30)-30?+5a-2
=—0?+20-2
=3-2
=1

Similarly, we get 0 =2.

[Using (1)]

Sum of roots = 3
and product of roots = 2
So, required equation is x*> — 3x + 2 = 0.
Hence, the correct answer is (3).

|Example 11| Ifa(p+q)>+2bpg+c=0anda(p+r)>+2bpr

+c=0, (a#:O)then

() gr=p* () qr=p2+§-
@3) gr=-p° (4) none of these
Solution

Given a(p+q)*+2bpg+c=0

and a(p+r?+2bpr+c=0

So, ¢ and r satisfy the equation.
a(p+x)?+2bpx+c=0

Thus, ¢ and r are the roots of a (p + x)*+ 2bpx +c =0

or a®+2 (ap+bp)x +c+ap*=0
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+q
/4 —p2
a

(5
qr = product of roots =

Hence, the correct answer is (2).

Let ccand S be the roots of x* + px + ¢ =0 and

also of x*" + p"¥" + ¢"= 0. If & and B are the roots of x" + 1 +
a
(x+1)"=0, thenn (e N)
(1) must be an odd integer  (2) may be any integer

(3) must be an even integer  (4) can’t say anything

Solution
We have oo+ B=-pand aff=¢q ...(D)
Since o and f3 are the roots of x2" + p"x" + ¢" = 0,
we have 02"+ p"a+ ¢"=0 and B> +p"f'+¢" =0.
Subtracting the above relations, we get
(0" - +p" (' - ) =0
o'+ =p" ...(i1)
o/Bor P/acis aroot of x*+ 1 + (x + 1)" = 0, then
(@dp)y*+1+[(adf)+11"=0
or (+BY+(a+p)'=0
or —p" + (-p)"=0, [Using (i) and (ii)]
Above is possible only when 7 is even.
Hence, the correct answer is (3).

1 Ifthe equation 2x> + 4xy + 7y* — 12x— 2y + =0,
where tisa parameter has exactly one real solution of the form
(x, y), then the sum (x + ) is equal to

M 3 2 5
3) -5 @4 -3
Solution
22 +4x (y=3)+ Ty -2y +1t=0
D=0 (For one solution)

16 (=32 -8 (N2 -2y+1)=0
200-3- (1 -2+6=0
52— 10y +18—t=0

5%+ 10y+1—18=0
Again, D = 0 (for one solution)

= 100-20 (r—18)=0

= 5-t+18=0

L

& t=23
For =23,

57+ 10y+5=0
or @+1)7%=0
= y=-1
For y=-1,

22— 16x+32=0

or P-8x+16=0
= x=4
x+y=3

Hence, the correct answer is (1).

| LetP(x)=x—8x* + cx + d be a polynomial
with real coefficients and with all its zeros being distinct positive
integers. Then which of the following is not the possible value
of ¢?

1 17 @) 19
3) 12 (4) none of these
Solution
We have x; +x, +x3=8
Xy Xy x3=d

X1Xy F XoX3 F X3%) =¢C
Possible zeroes are 1,2, 5 or 1, 3,4.
d=10 or d=12
= c=2+10+5=170rc=3+12+4=19
Hence, d=10andc=17
or d=12 and ¢c=19
Hence, the correct answer is (3).

N———

f‘”;Exarrip | For equation x* — 2 + 4x* + 6x — 21 = 0 if
two of its roots are equal in magnitude but opposite in sign, then
other two roots are
(1) real and negative
(3) imaginary

(2) real and positive
(4) none of these
Solution
Let the root be @, B, %, 6
Let o+ pB=0buta+pB+y+6=2
Let ofi=pand y6=gq.
Given equation is equivalent to:
(@ +p) (P -2x+g)=0
Comparing the coefficients, we get
ptq=4,-2p=6,pq=-21
p =-3,q =7 and they satisfy pg =21
P?-3)-2x+7)=0
Thus, roots are + V3 and 1 + iV6.
Hence, the correct answer is (3).

syt é6=2

L_El(gll!ple*lg J If the equation x? + 9y* — 4x + 3 = 0 is satisfied
for real values of x and y, then which of the following is not true?

(1) ye [-1/3,1/3] ) ye[1,3]

3) xe[1,3] (4) none of these
Solution
Given equation is

X+9—4x+3=0 (1)

or X —4x+9%+3=0



THEORY OF EQuUATIONS AND COMPLEX NUMBERsm

Since x is real, we have
(47 -4 (97 +3)20
or 4-9y2-320

or Y <1/9
or -1/3<y<1/3
Equation (1) can also be written as:
92 +0y+x2—4x+3=0 A2

Since y is real, we have
02-4.9 (x> —4x+3)>0

or ¥ —4x+3<0 : ...(3)
xe [1,3]

Hence, the correct answer is (2).

AT RS
§ N

[ Example 17 | The set of values of a for which ax® + (a —2)x
— 2 is negative for exactly two integral values of x, is

1) (0,2) ) [1,2)
(3) (1,2] “4) (0,2]
Solution

f=at+(@-2)x-2=(ax-2)(x+1)
f(O)==2andf(-1)=0

If a is negative then expression becomes negative for infinite -

values of x, therefore it must be positive.

/.
e[ 34

Expression has to be negative for exactly two integral values of x.

So, z52
a
2 .
= a>2land — >1
a
= a<2
ac [1,2)

Hence, the correct answer is (2).

If ay, a,, a, and a, are all positive, then 4a, i
+3a, x* +2 a, x + a; = 0 has at least one root in (-1, 0) for

(1) 4ay+2a,>3a;+a;

(2) 4ay+2a,<3a;+a,

(3) 4ay+2a,=3a;+azand gy +a,<a;t+a;

(4) none of these
Solution

P (x) = 4a,  + 3a x> + 2a, x + a5 is a polynomial, so it is
continuous for all x.

P (x) = 0 has a root in (-1, 0).
= P(1)P((0)<0

Now, P(0)=a;>0
= P(—1)=—-4a0+3a1—2a2+a3<0
= 4ay+2a,>3a; +ay

Hence, the correct answer is (1).
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'NCERT LEVEL EXERCISE

. Solve the equation x? + 4 = 0.

. Solve the equation 2x> + x +2 =0.
. Solve the equation x? + 2x + § = 0.
. Solve the equation - + x — 5 =0.

. Solve the equation x> —x +7 = 0.
. Solve the equation V22 +x+\8=0.
. Solve the equation V5 x? — 2x + 245 =0.

S W

HW N
3

. Solve the equation 22 + —= + 1=0.

V7

(=]
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STATE LEVEL EXERCISES

Single Correct Answer Type

1.

10.

11.

The roots of the equation x¥> + x'? —2 = 0 are
I 1,4 2 1,-4
3 1,-8 “ 1,8

2
. The solution set of the equation x'%&(=*)" =9 s

(1) 2,4}
(3) {0,-2,4}
If a and b are the odd integers, then the roots of the equation
2ax? + (2a+b)x+b=0, a #0, will be

(1) rational (2) irrational

(3) non-real (4) equal

@ 4

(4) none of these

The value of 2 + —1——- is

24 L
1
2+
2+..00
) 1+\2
4) 32

(1) 2+\2
@A) 3

. The curve y=(A+ 1)x? +2 intersects the curve y=A x + 3

in exactly one point, if A equals
(1) {_2’ 2}
3 2}

@ {1}
@) {2}

. Ifa, b, c € R and 2b = a + ¢ then the roots of ax? + 2bx

+c=0are
(1) real and distinct
(3) imaginary

(2) real and equal
(4) none of these

. Iftheroots of the equation a (b—c) x>+ b (c—a)x+c (a—b)

= 0 are equal, then g, b, c are in
(1) AP
3) G.P.

(2) H.P.
(4) none of these

. If quadratic equation x> — 4x — log; a = 0 has real roots

then the minimum value of a is

1
(1) 81 @ 3

1
@ = 49
If a+ b+ c = 0, then the roots of the equation (c* - ab) x*
—2(@-bc)x+ (b*>—ac)=0are
(1) real and equal (2) imaginary
(3) real and unequal (4) none of these
Let a, b and ¢ be real numbers such that 4a+2b+c=0
and ab > 0. Then the equation ax? + bx + ¢ = 0 has
(1) complex roots (2) exactly one root
(3) real roots (4) none of these
The coefficient of x in the equation x* + px + g = 0 was
wrongly written as 17 in place of 13 and the roots thus

12.

13.

14.

15.

16.

17.

18.

19.

20.

found are —2 and —15. The roots of the correct equation
are
(1) -3,10 2) -3,-10
3) 3,-10 (4) none of these
If the sum of the roots of the equation x* + px + g =0 is three
times their difference, then which one of the following is
true? )
(1) 9p*=2g 2 24’=9
() 2*=9 @ 9 =2p
If A.M. of the roots of a quadratic equation is 8/5 and A.M.
of their reciprocals is 8/7, then the equation is
(1) 7x®-16x+8=0 (2) 3% -12x+7=0
(3) 5x*-16x+7=0 4) 7x*-16x+5=0
If sin 6 and cos 6 are the roots of ax? + bx + ¢ = 0 then
(1) a*=b*+2ac (2) b*=d*+2ac
(3) a*=b*+2ab 4) b*=d*+2ab
If @ and B are the roots of a quadratic equation x*> — 3x +
5 =0, then the equation whose roots are

(o2 -3a+7)and (B -3B+8)is
(1) ¥-5x+6=0 (2) ¥*-3x+2=0
(3) P+dx—-1=0 (4) 2+2x+3=0
If the roots of equation x* + gx + p = 0 are each 1 less than
the roots of the equation x*> + px + ¢ = 0, then (p + g) is

equal to
(1 -2 (2 -4
3 -3 (4) -6

If (x—2) is a common factor of the expressions x> + ax + b

and X2 + cx + d, then 2 =

c—a

(1 -2 @ -1
31 4 2

2
1 x is real snd k= Z=2¥L then

X +x+1
() k<0 2) 113<5k<3
3) k=25 (4) none of these

Let f (x) be a quadratic expression such that f (- 1) +
f(2)=0.If one root of f(x) =0 is 3 then the other root of
f(x)=01liesin

(1) (~=,-3) () (3,)

() (0,5) () 5, )

If ke (- o0, =2) U (2, =), then the roots of the equation
x2+2kx+4=0are

(1) complex

(2) real and unequal

(3) real and equal

(4) one real and other imaginary
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21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

"(3) real and distinct

If the roots of the equation gx* + px + g = 0, where p, g are
real, be complex, then the roots of the equation x* — 4gx
+p*=0are

(1) real and unequal (2) real and equal

(3) imaginary (4) none of these

If azand Bare roots of the equation 2x> — (p + 1) x + (p— 1)
=0 and or— B= of, then the value of p is

1 3 @ -2

@31 @ 2

Therootsof (x—a) (x—a—-1)+(x—a-1)(x—a-2) +
(x—a)(x—a—-2)=0,ae Rare always

(1) equal (2) imaginary

(4) rational and equal

If 2 + i3 is a root of the equation x* + px +¢q'=0, where
p and q are real, then (p, q) =

1 4-7 @ &7

(3) 4,-7) @ 47

If @ and f are the roots of the equations x*> + 6x + 1 =0
and 3o+ 28=-20, then A=

1) 16 ) -8
(3) -16 ) 8
If o and f3 are the roots of the equation ax? + bx + ¢ = 0,
then & + B =
af+b ao+b
(1) 2/c 2) —-2/a
(3) 2a @) 2/b
The equation x? + ax —a? — 1 =0 will have roots of opposite
signs if
(1) a€ (—oo, ) ) ae [-1,1]

) ae (—e=,-1)U[l, )
Letf(x) =x* + 4x + 1. Then
(1) f(x)>0forall x

(3) f(x)=21whenx<-4

(4) none of these

(@) f(x)>1whenx=0
4) f(x)=f(=x) forall x

o + Mo+ % >0, V x e R, then complete set of values of kis

) (0, %) @) (=0, 0)U (1,00)

2
ol o[

The graph of a quadratic polynomial (parabola) opens
downward, with y-intercept 10 and x-intercepts —1 and 5.
If the point P (8, k) lies on the graph of the parabola, then
the value of k is

(1) -60 2) -54

3) -27 4) -8

Ifa, b, c are real and x> — 3b%c + 2¢3 is divisible by x —a
and x — b, then

(1) a=-b=-c 2) a=2b=2c

() a=b=cora=-2b=-2c (4) none of these

Archives

1.

If both the roots of k (6x* + 3) + rx + 2x> — 1 = 0 and 6k
(222 + 1) + px + 4x> — 2 = 0 are common, then 2r —pis

equal to
(1) -1 () 0
31 4 2 [MNR 1983]

If x> —hx —21 =0 and x> - 3hx + 35 =0 (5 > 0) have a
common root, then the value of 4 is equal to
M1 2 2
G3) 3 4) 4

[EAMCET 1986]
If x? + 2x + 2xy + my — 3 has two rational factors, then the
value of m will be

(1) -6,-2 2) -6,2
3) 6,2 4 6,2
[RPET 1990]
If the roots of x% + x + a = 0 exceed a, then
(1) 2<a<3 2) a>3
(3) 3<a<3 4) a<-2
[EAMCET 1994]
. A quadratic equation whose product of roots x; and x, is
equal to 4 and satisfying the relation /NI B 2,is
(1) ¥*-2x+4=0 (2) ¥ +2x+4=0
(3) P+4x+4=0 4) ¥ -4x+4=0
[Kurukshetra CEE 1998]

. If sum of roots is —1 and sum of their reciprocals is % ,

then equation is

(1) #?+x-6=0 ) P?-x+6=0
() 62 +x+1=0 4) P*-6x+1=0
[Karnataka CET 1998]
7. Ifx be real, the least value of x> — 6x + 10 is
11 2 2
@3) 3 4 10
[Kurukshetra CEE 1998]
8. The two roots of an equation x> — 9x2 + 14x + 24 = 0 are

10.

in the ratio 3 : 2. The roots will be

(1) 6,4,-1 ) 6,4,1
3) -6,4,1 4) -6,-4,1
[UPSEAT 1999]
{xe R:|x-2|=x*}=
M {-1,2} @ {1,2}
3) {-1,-2} @ {1,-2}
[EAMCET 2000]

Ifsin 4, sin B, cos 4 are in G.P., then roots of x* + 2x cot B
+ 1 =0 are always

(1) real (2) imaginary
(3) greater than 1 (4) equal
[Orissa JEE 2005]
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11.

12.

13.

14.

15.

16.

17.

18.

19.

If ¢ and B are the roots of the equation ax? + bx + ¢ =0
then the sum of the roots of the equation a2 + (b* - 2ac)
x+b*4dac=01is
(1) - (=B

Q) (a+pP?-208
(3) 2B+ Bl -4oB

@) - (o + B
[EAMCET 2000]

If one root of the equation x? + p + ¢ = 0 is 2 + \3, then
values of p and ¢ are
(1) -4,1 (2) 4,-1
3) 2,\3 @) 2,3
[UPSEAT 2002]

If the equation 2+ px+g=0and?+ gy +p =0, have a
common root, thenp +g+1=
1o 2) 1
@3) 2 @ -1

[Orissa JEE 2002]
The roots of the equation x* — 2x% + x = 380 are

15,3
@y 5,~455—

o —1+553
3) 54, ————

1£5,-3
@ =S g

1+5-3
g =4

[UPSEAT 2004]
The roots of the equation x*3 + x> —2 = 0 are
(1) 1,4 ) 1,4
3) 1,-8 @) 1,8

[UPSEAT 2004]
The real roots of the equation x?+ 5 | x | + 4 =0 are
1) -1,4 2 1,4
(3) —-4,4 (4) None of these

[UPSEAT 1993, Orissa JEE 2004]

X +x+ 1+ 2k (x*—x—1)=0is a perfect square for how
many values of £?

1) 2 ) 0
31 “4 3

[Orissa JEE 2004)
A quadratic equation with integral coefficients has two

different prime numbers as its roots. If the sum of the
coefficients of the equation is prime then the sum of the
roots is

1 2 @) 5
37 4 11

|Orissa JEE 2005]
If @, Band y are roots of the equation x> — 8x + 8 =0 then the
value of o + * + 9 and aiﬁ + _/31; + a_ly are, respectively,
(1) 16and 0 (2) —16and 0
(3) 16and 8 (4) 0and-16

(KCET 2006)

20.

21.

22,

23.

24,

25.

26.

27,

Ifa,~a and b are the roots of the equation x* = 5x% —x+ 5 =0
then & is root of the equation
(1) ¥=3x=10=0
(3) ¥ +3x=20=0

(2) ¥ +5x-30=0

(@) ¥*=5c+10=0
(KCET 2010)

Ifa> 0 and 5% - 4ac = 0, then the curve y= a+ by + ¢

(1) cuts the x-axis

(2) touches the x-axis and lies below it

(3) lies entirely above the x-axis

(4) touches the x-axis and lies above it

(EAMCET 2011)

If tan A and tan B are the roots of the quadratic equation
x2=px+q=0, then sin? (4 + B) =
P’ p’
1 2
W7 (p+9)
P 2
@3) 1- @ =
(1-q) p*+(-g)
(FAMCET 2011)

The value of @ for which the equations x* + ax+ 1 =0 and
¥+ ax? + 1 = 0 have a common root is
(1 -2 2) -1
31 4 2
(EAMCET 2011)
2
X" =3x+4 . . ;
If x is real, then the value of \2—L lies in the interval
x“+3x+4

|
(2 [5,5:|
1

(EAMCET 2011)

1
1
(3 [8’6]

In a triangle POR, ZR = % If tan (—?] and tan (%) are

the roots of the equation ax? + bx + ¢ = 0, then

(1) a+b=c @) b+c=0
(3) atc=b @) b=c
(EAMCET 2012)

If o, Band yare roots of the equation x* + 4x + 2 =0, then
the value of &® + f* + ¥ is

(2 () 6

3) -2 4) -6

[KCET 2012]

[f.x, and x, are the real roots of the equation x> ~kx + ¢ =0
then the distance between the points 4 (x,, 0) and B (x,, 0)

1S
(1) K +4c )

¥ =¢
A3) ,/c - k? @) ,/k2 —4c¢
(EAMCET 2014)
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28. It p and ¢ are distinet prime numbers and it the equation
x*=px + ¢ = 0 has positive integers as its voots then the
roots of the equation are
(n 1,-1
A3 1,2

@) 2,3
@ 3.1
(WBJEE 2014)
29. The cubic equation whose roots are the squares of the roots
of ¥ 2%+ 10x-8=01s
(1) ¥+ 160° + 68— 64 =0
(2) ¥+ & +68v—64=0
3) ¥+ 16 -68v—64=0
@) ¥ =162 +68v—-64=0 (EAMCET 2014)
30. Ifa, b, c are distinct and the roots of (b — ¢) x* + (¢ — a)x
+ (a—b) =0 are equal, then a, b, ¢ are in
(1) arithmetic progression
(2) geometric progression
(3) harmonic progression
(4) arithmetic-geometric progression
(EAMCET 2015)
31. If the roots of x° — kx? + 14x — 8 = 0 are in geometric
progression, then k =

(1) -3
3 4

@) 7
@ 0
(EAMCET 2015)

32. If the harmonic mean of the roots of V2x? — bx + (8 — 2V5)
is 4, then the value of b =

1) 2 2 3
@) 4-\5 ) 4+\5
(EAMCET 2015)

33. If e and f are roots of the equation x> + x + 1 = 0, then

o+ Bis

M 1 @ *1‘,)”5

3) “1+i3 (4) -1  (KCET 2019)

2

34. The largest interval containing x for which
2o+t —x+1>0is

(1) 0<x<l1 (2) 4<x<2
(3) —o<x<eo (4) 2"0<x<2!0
(EAPCET 2022)

35. Statement (I): The set of solution of [x|> — 4jx| + 3 <0 is
the interval (-3, 3).
Statement (IT): If x < 3 or x > 5 then x* — 8x + 15 > 0.
Which of the above statements is (are) true?
(1) Statement I is true, but Statement II is false
(2) Statement II is true, but Statement I is false
(3) Both Statement I and Statement II are true
(4) Both Statement I and Statement II are false
(EAMCET 2022)
36. If the roots of the equation 6x°> — 11x? + 6x— 1 = 0 are in
harmonic progression, then the roots of X -62+11x—-6
=0 will be in
(1) Geometric progression
(2) Arithmetic progression
(3) Harmonic progression
(4) Arithmetico—Geometric progression
(EAPCET 2023)
37. The sum of all the real values of x satisfying the equation
(2 = Tx+ 117 6T =1 js
(1) 14
3) 13

) 20
@) 16
(EAMCET 2023)
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BT e

Single Correct Answer Type

10.

Polynomials
If x is real, then the maximum value of 5 + 4x — 4x% will
be equal to
(15 @) 6
@1 4) 2
Ifx=2+2%+2 then X - 6x* + 6x =
{3 2 2
31 (4) None of these

If the graph of £ (x) = 2x°> + @ + bx; a, b € N cuts the
x-axis at three distinct points, then the minimum value of
(a+b)is

(1) 2 @) 3

@3) 4 @ s

If Ax) = ax® + bx + ¢ and fl-1) > -4, 1) <0 and
f(3) 25, then the least value of a is

(1) 14 (2) 18

(3) 13 4 -113

. Number of positive integers x for which f(x) = x> — 82 +

20x — 13, is a prime number, is

m1 Q) 2
33 “4) 4

Let P(x) = x* + bx + ¢, where b and ¢ are integers. If P(x)
is a factor of both x* + 6x2 + 25 and 3x* + 4x2 + 28x + 5,
then the value of P(1) is

1) 2 @2 3

(3) 4 4 5

If a? + bx + c=a (x— @) (x - P), then a(oxx +1) (Bx + 1)
is equal to

(1) a?+bx+c () cx*-bx+a

(3) e -bx-a 4) cx?+bx+a

Ifx* + ax + 1 is a factor of ax’ + bx + ¢ then

(1) b+a+d*=0,a=c

) b—a+d=0,a=c

(3) b+a-a#=0,a=0

4) b—a+a=0,+c=0

If o, B, yand o are the zeros of the equation x* + 4x> - 6x2
+7x— 9=0, then the value of (1 + &) (1 + %) (1 + ¥?)
(1+0?is

@ 9 (2 11

(3) 13 @ 5

If o, B and yare the zeros of the equation x> + px® + gx +
r=0, then (1 — a®) (1 - B (1 -7?)is equal to

(1) (+p)-(@g+ry? 2) (1+gf-(@+ry?
G 1-gP-@+r? @) (1 +r)-(p+q)

11.

12.

The number of values of the pair (a, b) for which a (x + 1)
+b(2-3x-2)+x+1=0Vxe Ris

Mo @1

3) 2 (4) infinite

If a, b, c are three distinct real numbers then the equation
(E=B)E=0) o, G=A(x=a) ;. x=a)(x=h)

(a-b)(a—c) b-c)(b-a) (c—a)(c-b)
—x*=0has

(1) exactly one root (2) exactly two roots
(3) noroot (4) none of these

 Quadratic Equations

13

14.

15.

16.

17.

18.

19.

If a, b, c are in A.P. and one root of the equation ax® + bx
+ ¢ =0 is 2 then the other root is
(1) 3/4 2) -3/4
3) -5/2 4 -5/4

6 3
The product of real roots of the equation | x|5 —26| x|’
-27=0is

(1) _310 (2) __312
12 21
(3 -3 . @ =33
Number of real solutions of ,/2x—4 —Jx+5 =1is
(1o 2) 1
3) 2 (4) infinite

Sum of all the real values of x which satisfy the equation

2-x 2-x .
= is

2+x 2+x
12 @0
3 75 4) 115
Sum of the non-real roots of (X + x—2) (Z +x—3) =12 s
1 -1 ) 1
(3) -6 4) 6

i 1R * 3.
Product of roots of the equation & adl =—is
12 +18° 6
M1 @2 -1
@) 2 (4) -2
b ; 4x
The number of irrational roots of the equation ——————
X +x+3
5x 3.

e =g 8

x°=5x+3 2
(13 20
G) 1 “4) 2
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20.

21.

22,

Number of real solutions of the equation

’x—l + ’ —--1— =xis
X X

1M1 2) 2
@3)o (4) infinite
Total number of integral values of a so that x>~ (a + 1)x +

a— 1= 0 has integral roots, is equal to

M1 2 2

3) 4 (4) none of these
Consider the equation 32+ 2x —n=0, where n € N and
n € [5, 100]. Total number of different values of » so that
the given equation has integral roots is

1) 8 ) 3

3) 6 ) 4

Nature of Roots of Quadrahc Equatmns \;

23.

24.

25.

26.

27.

28.

If the roots of the equation x*> — 2¢x + ab = 0 be real
and unequal, the roots of the equation x*> — 2 (a + b) x +
(@+b*>+2c%)=0are
(1) real and distinct
(3) real

Ifae (-1, 1), thenroots of the quadratic equation (a— 1) x*
+ax + \ll—az =0 are

(1) real (2) imaginary
(3) both equal (4) none of these

If one root of the equation x” + px + 12 =0 is 4, while the
equation x” + px + g = 0 has equal roots, then the value of
qis

1) 4 (2) 49/4

(3) 4/49 (4) None of these

If @, B are real and o7, B* are the roots of the equation
@ +x+1-a*=0(a>1),then f*=

(2) real and equal
(4) imaginary

1y 2 @1-<
2
(3) 1-4 4) 1+4d°

Let ¢, B be the roots of x* + bx + 1 = 0. Then the equation
whose roots are —| o + = and —( B+ i) is
B o

(1) ¥*-2bx+4=0 @) ¥-bx+1=0

(3) ¥*=0 4) X +2bx+4=0

If oand B are the roots of the equation 2x> + 2 (a + b)x +
& + b*=0, then the equation whose roots are (o + f8)* and

(o— Py is

(1) x> —4abx—(®-b*)?*=0
(2) x> —2abx —(a*-b**=0
(3) x> —4abx + (@ -b*)*=0
(4) none of these

29.

30.

31.

32.

33.

34.

35.

36.

If the expression x? — (5m — 2)x + (4m? + 10m + 25) can
be expressed as a perfect square, then m =

(1) —§—0r4 2) —gor4

3) %orS (4)—§0r8

The roots of the equation (a* + b*) x* + dabcd x + (c* + d*)
=0

(1) cannot be different, if real (2) are always real

(3) are always imaginary (4) none of these

F (x) = Ax*> + Bx + C and f (x) = ax? + bx + ¢ are quadratic
functions with F (x) #f(x). Which of the following is true
about the number of solutions to F(x) —f (x) = 0?

(I) It is possible that there is no real solution.

(II) It cannot have more than 2 solutions.

(1) If it has one real solution then 4 = a.

(1) TandII (2) I'and IIT
(3) Tand I (4) I, I and II
2
Complete set of values of a such that 2~ % attains all
~ —ax
real values is
1) [1,4] 2 (0,4]
3) [1,0) (4) none of these
The set of values of a for which the inequation (a — 1)

P—(a+1)x+a—120istrueforallx 22 is

7
M (1,5] 2) (==, 1)

7
3) |=,e
® |3.7)
2 +2x+1 .

For real values of x, the fange of ————— is
X" +2x-1

1
@ [32]

(4) (=20, -6] LU (-2, )

(4) none of these

(1) (===, 0) L (1, %)

3) (—oo, ‘72] U(l, )

The set of real values of a for which the equation

2 2
2a” +x° 2x 1 .
R + =0 has a unique
g —X X—a

- ax + [12 + .\'2
solution is

(1) (==, 1) (@) (1, )

G) L 1) (4) R-{0}

Assume that p is a real number. In order for 3/x+3p +1

— 3x =1 to have real solutions, it is necessary that

(1) p21/4 2) p2-1/4
B)p21/3 4 p=2-1/3
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

If (@ + ¢)y+ (a’x* + ¢’) = 0 such that x is a rational function
of y and ac is negative, then

(1) ac’+d'c=0 @ ==

a ¢
(3) A +ct=a%+c? 4) ad’+cc’'=1
Ifa, b, c,d e R then the equation (x* + ax — 3b) (x* — cx + b)
(*® — dx + 2b) = 0 has
(1) six real roots (2) atleast two real roots
(3) four real roots (4) three real roots
If the left hand side of the equation x? — y? + x — 3y + sec 0
=0 can be factorized into two linear factors then the value
of Gis
(1) =3
3) 473

) 76
@) 576

Relat‘lon between Roots and Coefﬁc1ents
B of PolynomIal Equatwns auly

If the roots of the equation ax® — 4x + @* = 0 dre imaginary

and the sum of the roots is equal to their product, then a is
1) =2 ) 4

3) 2 (4) none of these

If o, B are the roots of x> — 3x + 5 = 0 and 7, & are the
roots of x> + 5x — 3 = 0 then the equation whose roots are
oy + B6and ad+ Py is

(1) x¥*—15x—158=0 (2) ¥*+15x-158=0
(3) x*—15x+158=0 (4) X +15x+158=0
If the absolute value of the difference of roots of the
equation x? + px + 1 = 0 exceeds \3p then

() -1<p<4 (2 0<p<4

(3) p<-lorp>4 4 p>4

All possible values of the parameter a such that the roots
o and B of the equation 2x* + 6x + a = 0 satisfy the

B

inequality % +—<2 are
o

(2) a<9/2
(4) none of these

(1) a>0

(3) a<0ora>9/2
The value of a for which the sum of the squares of the roots
of the equation x> — (@ — 2) x —a — 1 = 0 assumes the least
value is

1 2 @ 3

3 0 @1

If the roots of the equation ax? + bx + ¢ = 0 are reciprocal
to each other, then

(1) a+c=0 ) b+c=0

(3) a-c=0 @ b-c=0

If o, Bare the roots of x* + px + 1 =0 and 9, S are the roots
of > +gx+1=0, then ¢* - p? =

47.

48.

49.

50.

51.

52.

53.

(1) (@+P B+ (x-8)(B+6)
@) (@+P B+ (ax+H(B+9)
B3) (@-NB-9 (ot d(B+0)
(4) none of these

Ifthe equationf(x)=(a+b—c)x2+(b+c—a)x+(c+a—b)

= has only one root equal to 1, then the value of 30t G is
c
1o @) -1
31 @ 2
If o, Bare the roots of x* + px + g = 0 and 7, § are the roots
a-y -9 .
of x> + px —r =0 then . is equal to
B-v B-6
11 @) -1
+
@ = @)
p+r —r
. 1
If aand B are the roots of the equation x? + px — 52 =0,
=
where p € R, then the minimum value of of* + * is
1) 2\2 ) 2-\2
(3) 2 4 2+\2

If o, B are the roots of ax? + bx +c=0and o+ h, B+ h
are the roots of px”> + gx + r =0, then # =

(4) none of these

If the roots of the equation ax® — bx + ¢ = 0 are wand 8
then the roots of the equation b%cx? — ab?x + @® = 0 are

1 1 1 1
3 23 2 2 Py
o’ +of B +ap a”+aff B +of
1 1
, - (4) None of these
a*+ap’ B*+op @
If @, B are the non-zero roots of ax® + bx + ¢ = 0 and 2,
B are the roots of a*x? + b%x + ¢ = 0 then a, b, c are in
(1) G.P. (2) H.P.
(3) AP. (4) none of these
Letf(x)=ax2+bx+c,g(x)=at2+qx+r,wherea,b,
¢, q,r€ Rand a<0. If o, B are the roots of f(x) = 0 and
o+ 8, B+ & are the roots of g (x) = 0, then
(2) f;nax <gmax

(3) .f;nax = gmax
(4) can’t say anything about relation between f,,, and

gmax

€)
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54.

5S.

56.

If the roots of the equation ax? + bx + ¢ = 0 are of the from

k+1 k+2 5.
d , then (a + b + ¢)” is equal to

Pl Fe il L Y 5
(1) 2b*-ac () a*+b*+c?
(3) b*—4ac 4) b*-2ac
If oz and 3 are the roots of ax? + ¢ = bx, then the equation
(a + cy)* = b? in y has the roots
(1) op™, o B @) o B*
@) o', B @ o p
If one root of the equation ax? + bx + ¢ = 0 is the square

of the other, then a (c — b) = ck, where k is
1) &-b Q) & +b
®3) (@a-by (4) None of these

. Higher" D'eg;ée Equatmns

57.

58.

59.

60.

61.

If the roots of x°> — 42x? + 336x — 512 = 0, are in increasing
geometric progression, then its common ratio is

1 2 2 3

(3) 4 “ 6

If the roots of x*+ gx? + kx +225 =0 are in arithmetic
progression, then the value of g is

(1) 15 ) 25

3) 35 4 -50

If the roots of ax® + bx* + cx + d =0 are ¢, f, ¥ then the
1 1 1 .
—,—,— is

off By 1

(1) & —bd>+acx—a*=0

(2) & +acx? —bdx—a*=0

(3) & —acx* +bdx—a*=0

4) &5 +bd*—acx—a*=0

If o, Band yare the roots of 4x> + 8x* —x —2 =0, then the

4a+HB+Dy+D |
By is equal to

equation whose roots are

value of

1) % Q) 6

3
B) == “4) -6
2
Let a, b, c be three distinct non-zero real numbers satisfying
the system of following equations:

1 1 1 1
=1;—+
a-2 b b-1

L il 1

b-2

Then abc =
11
3)3

Common Root(s) of Equations

62.

The value of m for which one of the roots of x> — 3x + 2m
= 0 is double of one of the roots of x> —x + m =0 is

(1) -2 2 1
?3) 2 (4) none of these

63. Ifax®+ bx+c=0and bx? + cx + a= 0 have a common root

3,73, 3

and a, b, c are non-zero real numbers then ——— < +bb bl
is equal to =
1 3 2 1
3) 2 (4) None of these

64. Ifa, b, c € R and equations ax’> + bx +c=0 and x? + 2x +
9 =0 have a common root, thena : b : cis
1 1:2:9 2) 1:3:9
3) 3:2:8 (4) none of these

65. Ifthe two equations x> —cx + d= 0 and x*~ ax + b =0 have
one common root and the second equation has equal roots,
then 2(b + d) =
(1) ac 2) —ac
30 4 atc

66. If x>+ ax + 10 = 0 and x*> + bx — 10 = 0 have a common
root, then a* — b? is equal to
(1) 40 ) 10
3) 20 4) 30

67. If the equations x> + ax + 12 = 0, x> + bx + 15 = 0 and
x> + (a + b)x + 36 = 0 have a common positive root then
ordered pair (a, b) is
1) 6,-7) @ 7,-9)
(3) -6,-8) @ 7,-8)

68. Ifa,b,carein A.P.andif (b—c) x>+ (c—a)x+(a—b)=0
and 2 (¢ + a) ¥* + (b + ¢) x = 0 have a common root then
(1) 4% ¢, b*are in A.P. (2) &, b? c?arein A.P.
(3) &, % b? arein G.P. (4) none of these

69. Let A= {xp>+(m—-1)x-2(@m+1)=0,x e R} and
B={x|(m-1)2+mx+1=0,xe R}.
Then number of values of m such that 4 U B has exactly
3 distinct elements, is
(1) 4 25
(3) 6 @7

70. If a quadratic equation p (x) = 0 having coefficient of x*
as unity is such that p (p (p(x))) = 0 have a common root,
then
(1) p©)p(1)>0 @ p©p1)<0
@ prOp1)=0 @ p©0©)=0,p(1)=0

Quadratic Function and Location of Roots
71. If x is real, then lies between

x2—5x+9

(1) -1 and-1/11
(3) land 1/11

(2) -1/11and 1
(4) none of these
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72.

73.

74.

75.

76.

71.

78.

79.

80.

The least integral value of k for which (k — 2) x* + 8x +
k+4>0forallxe R, is

d). =17 @ -5

@) -3 @ s ,

The quadratic polynomials defined on real coefficients
P (x) = ax®+ 2byx + ¢y and QO (x) = a,x? + 2b,x + ¢, take
positive values V x € R. What can we say for the trinomial
g ()= ajap?® +bibyx +¢16)?

(1) g (x) takes positive values only

(2) g (x) takes negative values only

(3) g (x) can take positive as well as negative values

(4) nothing definite can be said about g (x)

If [x* — 2x + a] = 0 has no solution then, (where [ . ]
represents the greatest integer function)

(1) —e<a<1 (2) 2<a<eoo

B) 1<a<2 (4) aeR
2 —

The values of a for which -3 ‘<x2+—ax2 <2 isvalid
x“+x+1

for all real x is

(1) (=2,¢9) @) (==, 1

3) 2,1 @ L2

If the equation ax? + 2bx — 3¢ = 0 has non-real roots and

3
Tc <a+ b then c is always

1 <o () >0
(3) 20 (4) zero

Let f(x) =% + ax + b. I the maximum and the minimum
values of f(x) are 3 and 2, respectively for 0 <x <2, then
the possible ordered pair (a, b) is

1) -2,3) 2 32,2

(3) (—5/2,3) @ (-5/2,2)

The value of k for which the equation 3x* + 2x (i + 1)
+ k* — 3k + 2 = 0 has roots of opposite signs, lies in the
interval

(1) 1,2) () 3/2,2)
If both roots of equation x*—kx + (k+ 1) = 0 are positive

and greater of the two roots lies in (2, 3), then the true set
of real values of k is

1 ¢ @ 1,4
@3) G.4) (4) (4,°)
Let conditions C; and C, be defined as follows:

C,:b*—4ac>0, C,: a,-b, c are of same sign.

The roots of ax? + bx + ¢ = 0 are real and positive, if
(1) both C, and C, are satisfied

(2) only C, is satisfied

(3) only C, is satisfied

(4) none of these

82.

83.

84.

8s.

. The equation ax* — 2x? — (@ — 1) = 0 will have real and

unequal roots if
(1) 0<a<1 (2) a>0,a#1

(3) a<0,a#1 (4) none of these

If exactly one root of the quadratic equation x* — (a + 1)
x + 2a =0 lies in the interval (0, 3) then the set of values
a is given by

(1) (=2, 0) L (6, =) (2) (-, 0]

(3) (=2, 0] U [6, =) “ (0,6

If ¢ < a < b <d, then roots of the equation bx* +
(1-b(c+d)x+bcd—a=0 are

(1) real and one lies between ¢ and a

(2) real and distinct in which one lies between a and b
(3) real and distinct in which one lies between ¢ and d
(4) are not real

If the roots of the equation (m — 3) x>~ 2mx + 5m = 0 are
real and positive then m

1) (2,15/2] 2) (-3, 15/4]

(3) (3, 15/4] (4) None of these

If the equation x* + 2 (k+ 1) x + 9k— 5 =0 has only negative
roots, then
1) k=6
3) k<0

) k<6
@) k=0

Numerical Value Type

L If Jm:ﬂ‘\‘/ﬂ 3x* +4 then the value of x*
is

If the equation x* — (3m + 2)x? + m* = 0 (m > 0) has four
real solutions which are in A.P. then the value of ‘m’
is .

The quadratic polynomial p (x) has the following
properties: p (x) 2 0 for all real numbers, p (1) =0 and p
(2) =2. The value of p (11) is

Let P (x) = % —6x—9x?and Q () =—4y* +4y + 12§.If

there exists a unique pair of real numbers (x, y) such that
P (x) Q (v) =20, then the value of |(6x + y)| is .
If a and b are positive numbers and each of the equations

x? +ax +2b =0 and x* + 2bx + a = 0 has real roots, then
the smallest possible value of (a + b) is

Let @, B, be the roots of x* — 6x + p = 0 and @, 3, be the
roots of x>~ 54x+¢=0.1If oy, B,, 0, B, form an increasing
G.P., then the value of (g —p) is

Given o and f are the roots of the quadratic equation
X —4x+k=0(k #0).If af, of*+ B, o® + B arein
geometric progression then the value of 7k equals



8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

If the equation P+H2 A+ D+ A2+ A+ 7=0 has only
negative roots, then the least value of A equals

If the roots of the cubic equation x> + ax? + bx +c =0

are three consecutive positive integers, then the value of
2

5(b+1)

is equal to

32,
Ifc12—4a+1=4,thenthe:valueofa—az+a—l (@#1)
a

is equal to

The quadratic equation x> + mx + n = 0 has roots which
are twice those of x? + px + m = 0 such that m, n, p#0.
The value of (n/p), is

If the coefficient of the quadratic equation /' (x) = 0 are

rational and the coefficient of x? is 1. If one root is tan £
then the value of £(5) is 8

If @ + bx + 10 = 0 does not have real and distinct roots,
then the maximum value of b — 5a is

If the roots of the equation (x — &) (x -4+ f) + (x -2 +
o) (x +2 — B) =0 are p and g then absolute value of the
sum of the roots of the equations 2 (x—p) (x —q) — (x — @)
(x-4+P)=0and2(x-p)(x—q)-(x-2+0)(x+2-P)
=0 is equal to

Suppose that oz and B are the roots of equation x* — 2x + 5
= 0. Also, f(x) is a quadratic polynomial whose zeros are
o? + o2 +20 and B + 48 — 6B+ 35. If £ (0) = 120 then
least value of |f(x)| is equal to

Let x;, X, X3 and x, be roots of x* + 2x> + bx? + cx + d=0.
Ifx, +x,=x3+x4anda, b,c,de R,thenb—c=

(Given that a =2)

Letf; () = ax® —bx —c, f,(x) = bx> —cx —a and f; (x) =
cx* — ax — b be three quadratic polynomials where a, b,
¢ are non-zero real numbers. Suppose there exists a real
number o such that f) (@) = £, (&) = f; (@) then the value

2a+3b+7c
of =—==+-.7
a

When polynomial x*'5 + 7x® + 6x% + 5x is divided by
(% — 1), then the quotient is g (x). The coefficient of x in
g()is_____

If sin? o, cos? o and — cosec? « are the zeroes of P (x)
=x+x*+ax+b(a,be R), then P (2) equals

Consider the equation (x* — 2x + m) (x> — 2x +n) = 0 (where
m and » are real numbers). Let the roots ¢, 3, %, 6 (e <
< y < 8) of the equation form an A.P. with first term equal

to -i— . Then the value of [m — n| is

Sum of the values of x satisfying the equation

2x++/2x+4 =4 is

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Let a and b be the roots of the equation x* — 10cx — 11d=0
and those of x> — 10ax — 115 = 0 be c, d. Then the value of
a+btc+d whena#b#c#d,is

Let ABC be a triangle right angled at C. If sin 4 and sin B are
the roots of the quadratic equation (57 + 8) x> — (7n — 20)x
+ 120 =0, n € I, then the value of n is

Let o and f3 be the roots of the equation x* — 5x — 1 = 0.

oS yoll 4 g5+
a]3 + ﬂl3 £

If a is real number, then minimum number of real roots of

equation (x> + ax + 1) (3x> + ax — 3) = 0 can be

The number of polynomials of the form x* + ax* + bx + ¢

which are divisible by x>+ 1, where a, b,c€ {1,2,3,...,10},

must be ’

If o, B and yare roots of 4x> + 8x* —x — 2 = 0, then the

4a+1)(B+D(y +D)| "

oBy

Let o and 8 be the roots of the quadratic equation

px* + gx +r=0, where a8 = 99. If p, q and r (taken in

that order) are in arithmetic progression, then |(& + B)| is

equal to A

Value of p (p > 0) for which 2p)x*> + 3p + 6)x + (4p + 1)

is perfect square of a linear expression is

Then the value of

value of

P(x) is a quadratic polynomial whose values.at x = 1 and
at x = 2 are equal in magnitude but opposite in sign. If
—1 is a root of the equation P(x) = 0, then the other root
is

If &* and e *are roots of the equation 3% —(a+b)x+2a=0,
a, b, A € R, A # 0, then the least integral value of b
is

The number of non-negative integral values of & for which
the equation 5x* + (13 — k)x — 3k — 6 = 0 has at least one
real solution in (-2, 2) is

The number of integral value(s) of a so that the graph of
y =16x* + 8(a + 5)x — 7a — 5 is always above the x-axis
is

The maximum value of f{x) = 2bx* — x* - 3bis g(b), where
b> 0. If b varies, then the value of |min. g(b)| is

For Questions 35 and 36

For some real value of k, let 30® — o? =ka—9, 3% - B2 =kp
-9,39 — ¥ =ky-9, where @> >y and o+ y=0.

35.
36.

The value of k is equal to

The value of expression 9(a™ + B + y) is equal to
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Multiple Correct Answers Type

1.

If X2 — x + a < 0 for at least one negative x and roots of
equation f(x) = x2+(a—1)x+4=0 are real and distinct
then

(1) roots of equation f(x) = 0 are positive

(2) oneroot of f(x) = 0 is positive and other is negative
(3) leastintegerais 6

(4) greatest integer a is 4

. Letf(x) =x’+x+ 1. If p (x) is a cubic polynomial such

that the roots of p (x) = 0 are the squares of the roots of
f(x)=0, then

IO p1=3

(2) the value of P (n), n € N, is odd

(3) sum of all roots of p (x) = 0 is -2

(4) sum of products of roots taken two at a time is 1

. Ifx,y € Rand 2x* + 6xy + 55> = 1, then

1) x| <5
(3) ¥*<2

@) k25
) <4

. Ifthe equation ax? + bx + ¢ =0, a, b, ¢ € R have non-real

roots then
(1) cla-b+c)>0
3) c(4a-2b+¢c)>0

2) c(a+b+c)>0
(4) none of these

. Ifthe equation ax? + bx + ¢ = 0 (a> 0) has two real roots &

and f3 such that <2 and 8> 2, then which of following
is/are true?

(1) a—fp|+c<0

(2) ¢<0,b*4ac>0

(3) 4a—-2b|+c<0

@) 9a—3[b|+c<0

. Ifthe following figure shows the graph of f(x) = ax? + bx +c,

then

1
(1) ac<0 (2) bc>0
(3) ab>0 4) abc<0

. Ifroots of ax’ + bx + c=0is czand Band 4a +2b+c >0,

4a-2b+c>0and c <0, then possible value/vales of [ o] +
[B] is/are (Where [.] represents the greatest integer function)
1 -2 2) -1

3) 0 @1

. Ifthe quadratic equation ax? + bx + ¢ =0 (a> 0) has sec? 6

and cosec? B as its roots then which of the following must
hold good?
(1) b+c=0
(3) c=4a

(2) b*-4ac20
4 4a+b20

10.

11.

12.

13.

14.

15.

. Leta, b,ce Q" satisfying a> b> c. Which of the following

statement (s) hold true for the quadratic polynomial
f&)=(a+b-2c) >+ (b+c—2a)x+ (c+a—2b)?

(1) The graph of the parabola y = (x) is concave upward.
(2) Both roots of the equation f (x) = 0 are rational.

(3) x-coordinate of vertex of the graph is positive.

(4) Product of the roots is always negative.

The graph of the quadratic trinomial y = ax® + bx + ¢ has
its vertex at (4, —5) and two x-intercepts one positive and
one negative. Which of the following hold good?

(1) a>0 () b<0

() ¢<0 (4) 8a=b

If the equations x* + px + ¢ = 0 and x* + p’x + g’ = 0 have
a common root then it must be equal to

/_ ’ _ql
Gy 2L=24 @ L
q—q p-p

f= ‘-pq

@ £=2 @ H=F4
q-q p-p

If ° + 3x% — 9x + ¢ is of the form (x — &x)? (x — B) then c is
equal to

(1) 27 @ -27

@3) 5 ) -5
x> +ax+3

If ———— , takes all real values for possible real values
X" +x+a

of x, then

(1) 4a*+39<0 () 4485 +3920

(3) a=1/4 4) a<1/4

If the roots of the equation x> + ax + b= 0 are ¢ and d, then
roots of the equation x* + (2¢ + a)x + ¢ + ac + b= 0 are
M ¢ 2) d-c

3) 2c 4 0

For the quadratic equation ¥ +2 (@ + )x +9a—5=0
which of the following are true?

(1) If2 <a <5 then roots are of opposite signs.

(2) Ifa <0, then roots are of opposite signs.

(3) Ifa>7, then both roots are negative.

(4) If2 <a <5 thenroots are unreal.

Linked Comprehension Type

For Questions 1 to 3

Consider f(x) =x* + bx +¢; and g (x) = x>+ byx + ¢, such that
real roots of f(x) = 0 are «, S and real roots of g (x) = 0 are o+ A,
B+ h. Also, the least value of f(x) is —1/4 and the least value of
g (x) occurs at x = 7/2.
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1. The least value of g (x) is

(1) -1/4 2) -1

@3) -1/3 4 -112
2. The value of b, is

1 -5 @ 9

(3) -8 @)=l
3. The roots of f(x) =0 are

1) 3,4 2) -3,4

(3) 3,4 4 -3,-4

For Questions 4 to 6

In the given figure, vertices of A4BClie ony =f(x)=ax’+bx +c.
AABC is right angled isosceles triangle whose hypotenuse 4C
measures 412 units.

y A
y=fx)
=a+bx+c
4 o £ -
\B/
4. y=f(x) s given by
(1) y=x2-2\2 () y=+-12
) A 2 y= 223
()y—2— ()y—m— .
5. Minimum value of y = f(x) is |
(1) 4 ) -2
(3) -2\2 (4) none of these

6. Number of integral values of k for which one root of f'(x)
= ( is more than k and other less than £ is
1 6 Q) 4
3) s ) 7

For Questions 7 and 8

Letf(x)=ax’+bx+c,a#0,a,b,ce I Suppose that f(1) =0,
50 <f(7) < 60 and 70 < f(8) < 80.

7. The least value of f(x) is

(1) 3/4 2) 92
3) -9/8 T @) -3/4

8. Iff(x) <0, then number of integral values of x is
1o @1
@) 2 @ 3

For Questions 9 to 11
Letx? —ax + b= 0and x? - px + ¢ = 0 be two quadratic equations.

9.

10.

11.

If the given equations have one common root and the other
roots are reciprocals of each other, then (g — b)? equals

(1) bg(p-a)® @) b(p-a)
3) q9(p-ay (4) none of these

If the two equations have one root is common and the
second equation has equal roots, then b + ¢ is equal to

(1) —ap 2) ap
() (ap)2 (4) 2ap
Let ¢, B be the roots of first equation and ¥, & be the roots

of second equation. If e, f3, ¥, & are in A.P., then g — b
equals

(1) pP-d
3) (P-4

@) &-p

(4) none of these

For Questions 12 to 14

The roots of the equation x> — ax + a + 5 = 0 are real and each
is one more than the respective roots of the equation, X+ px +
g = 0. Also, minimum positive integral value of p is k, where

a,p,qg€ R.
12. The value of ¢ lies in the interval
(1) 0,2) (CINER))
3 67 @ (71,9

13.

14.

If x> —ax+a+ 5 <k for at least one real x, then ‘a’ cannot
be

1 -2 (2 2

3) 5 @ 10
Minimum value of (a? — 4a) is equal to
1 s ) 10
3) 15 @ 20

Matrix Match Type

1.

Consider the quadratic trinomial f(x) = 2x*> — 10px + 7p—1,
where p is a parameter. Match the range of p given in
Column I with the conditions given in Column L.

ColumnIl
(215, =)

Column I
[ | Both roots of f(x) = 0 are | (p)
confined in (-1, 1).
II [ Exactly one rootof f(x)=0| (q) | ¢
lies in (-1, 1).
III | Both roots of f (x) = 0 are | (r)
greater than 1.

IV | One root of f(x) = 0 is| (s)
greater than 1 and other root
of f(x) = 0 is less than —1.

(=1/17, 1/3)

(=0, =1/17] U
[1/3, o)

®) | (=o=, =1/17) U
(173, =)




THEORY OF EQUATIONS AND CompLEX NUMBERS

2. Match the following columns:

If a, b, c and d are four non-zero | (p)
real numbers such that (d + a - b)?
+(d+ b —c)* =0 and the roots of
the equation a (b—c) x>+ b (c—a)
x+ ¢ (a— b)=0 are real and equal
then

a+b+c=0

II

If a, b and ¢ are non-zero positive | (q)
real numbers such that log a, log b
and log c are in A.P. then

a, b, carein
A.P.

11

If the equation ax® + bx +c=0and | (r)
x—3x%+3x—1=0have acommon
real root then

a,b,carein
G.P.

v

Ifa, band care positivereal numbers | (s)
such that the expression bx2 +

( (a+c)2+4b2)x+(a+c)

is non negative V x € R then

a,b,carein
H.P.

3. Match the following columns for the equation
x2+a x|+ 1 =0 where ‘a’ is a parameter.

. ColumnlI Column II
I | Noreal roots (p) |a<-2

II | Two real roots @ |9¢

III | Three real roots ) |a=-=2

IV | Four distinct real roots (s) [a=0

4. Column I contains rational algebraic expression and
column II contains possible integers which lie in their
ranges. Match the columns.

“Columnl =~ | ColumnlII
I 1
x> —2x+4 ®)

y= 2———,xeR
x“+2x+4
II 4
¥ -3x-2 @
y=———— x€R
2x-3
11 T -3
2x2 —2x+4 ®
=—F— %€ R
x“—4x+3
IV |2—(a-3)x+2<0,Vxe (-2,3) | (5) -10
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JEE (Main) 2024 Questions

Single Correct Answer Type

1.

If ¢, B are the roots of the equation, ¥ —-x—1=0and
S, =2023a" +2024f3", then
(1) 285;,=581+ 5w
(3) 285;;=812+ S0

[Nature of Roots of Quadratic Equations]
Let S be the set of positive integral values of a for which

ax® +2(a+ Dx+ 9a+ 4

(2) S12=811* S0
(4) $11=S10* 512

<0,V xe R.Then, the number

x? —8x+32
of elements in S is
(1) oo 23
(3) 0 4 1

[Graph of Quadratic Function and Inequalities]
The number of solutions of the equation "™ — 2¢™5™ =2, is
Mmo (2) more than 2
3) 2 “4) 1
[Equations Reducible to Quadratic]

. LetS={xe R: (V3 +42)* +(3—-+/2)*=10} . Then the

number of elements in S is
(1) 4
3) 2

2 0
@1

[Equations Reducible to Quadratic]

. Let the sum of the maximum and the minimum values of

: 2x —3x+ 8 m :
the function f(x) T Ex 4 be o where gcd(m, n)
= 1. Then m + n is equal to
(1) 217 () 195
(3) 182 4) 201

[Graph of Quadratic Function and Inequalities,
Locations of Roots of Quadratic Equation]

. 12 and 6 are the roots of the equation ax? + bx + 1 =0, then

1
and
2a+ b 6a+ b
(1) P?+8+12=0 (2) 4%+ 14x+12=0
() 22+ 11x+12=0 4) X*+10x+16=0

[Quadratic Equations, Equations Reducible to Quadratic,
Nature of Roots of Quadratic Equations]

Let a, B be the distinct roots of the equation x> —(£>—5¢
+6)x+1=0,7eRanda,=a" +f".

the quadratic equation, whose roots are
is

s A, +a .
Then the minimum value of 2023 2025 g

Dy024
(1) 172 ) 12
3) 1/4 @) -1/4

[Quadratic Equations, Equations Reducible to Quadratic,
Nature of Roots of Quadratic Equations]

Let o, B be the roots of the equation x* + 2\2x - 1=0.
The quadratic equation, whose roots are of + B and .

1 .
E(aﬂﬁﬁ), is
(1) ¥*=195x+ 9506 =0 (2) x*—180x+ 9506 =0

3 x% —190x + 9466 = 0 @)) x> —195x + 9466 =0
[Quadratic Equations, Equations Reducible to

Quadratic, Nature of Roots of Quadratic Equations]

Let o, B; 0> 3, be the roots of the equation x? —2x—V3=0.
LetP, =o' f8",ne N.Then(11\3—10\2) P,y +(11\2+10)P;,

—11Py, is equal to

(1) 11\2P, (2) 10\2P,
(3) 10V3P, 4) 11"\3P,

[Quadratic Equations, Equations Reducible to
Quadratic, Nature of Roots of Quadratic Equations]

Numerical Value Type

1.

Let o,  be the roots of the equation x* — x + 2 = 0 with
Im(c) > Im(pB). Then of + o + B* — 502 is equal to .

[Nature of Roots of Quadratic Equations]

. Let the set C = {(x, y)| ¥* — 2 = 2023, x, y € N}. Then

2 (x+y)is equal to

x,y)eC A . .
s [Equations Reducible to Quadratic]

Let , 8 € N beroots of the equation x*—70x+ A=0, where
A2 ¢ N - If Aassumes the minimum possible value, then
273
Ja-1+ JB-1)(A+35
o1+ yB-D( )isequalto .

lo — Bl
[Nature of Roots of Quadratic Equations]
Let a, b, c be the lengths of three sides of a triangle satisfying
the condition (a® + b** —2b(a + c)x + (b> + ¢*) = 0. If the
set of all possible values of x is the interval (e, ), then
12(c? + ) is equal to
[Nature of Roots of Quadratic Equations]

Let o, B be roots of x* + V2x-8=0. IfU,= o + ",

U, + \/qu

2U,
[Quadratic Equations, Equations Reducible to Quadratic,
Nature of Roots of Quadratic Equations]

is equal to
than is equa

The number of distinct real roots of the equation
x+1x+3|-4]x+2[+5=0,is
[Quadratic Equations, Equations Reducible
to Quadratic, Nature of Roots of Quadratic Equations]
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JEE (Advanced) Questions (2010-2024)

Single Correct Answer Type

1.

Let p and ¢ be real numbers such that p # 0, p* # ¢, and
p*#—q. If ccand Bare nonzero complex numbers satisfying
o+ B=-pand &® + =g, then a quadratic equation having
o/B and B/a as its roots is
D) @+ =@ +29)x+ (@ +q)=0
@ @+P-@’-29)x+(*+9)=0
@) ¢°-9)**-(5p°-29) x + (p* ~ ) = 0
@ @’ -9 -Gp*+29)x+ (@ -g)=0

(IIT-JEE, 2010)

. Avalueofb forwhich the equationsx*+bx—1=0,x*+x+b=0

have one root in common is

(1) —\2 ) -3

(3) \2 (4) \3 (IIT-JEE, 2011)
. Let crand S be the roots of x* — 6x — 2 = 0, with o> . If

a, = 0" — 3" for n 2 1, then the value of @2—_—2& is

. )
)1 2 2
®) 3 (4) 4 (IT-JEE, 2011)

. The quadratic equation p(x) = 0 with real coefficients has

purely imaginary roots. Then the equation p(p(x)) = 0 has
(1) only purely imaginary roots

(2) all real roots

(3) two real and two purely imaginary roots

(4) neither real nor purely imaginary roots
(JEE Advanced 2014)

. Let —% <0<- 1£2 . Suppose ¢, and 3, are the roots of

the equation x* — 2x sec 6 + 1= 0 and ¢, and f3, are the
roots of the equation x* + 2x tan 6— 1 =0. If ¢ > f; and
o, > B,, then o, + B3, equals

(1) 2(sec 6—tan 6) (2) 2secO
(3) 2tan 6 @ 0
(JEE Advanced 2016)

. Suppose a, b denote the distinct real roots of the quadratic

polynomial x* + 20x — 2020 and suppose ¢, d denote
the distinct complex roots of the quadratic polynomial
x% — 20x + 2020. Then the value of ac(a - ¢) + ad(a - d) +
be(b—c) + bd(b—d) is

1o , (2) 8000
(3) 8080 (4) 16000
(JEE Advanced 2020)

Numerical Value Type
1. The number of distinct real roots of x* — 4x> + 12x> + x — 1

=0is : (IIT-JEE, 2011)

2. For x € R, the number of real roots of the equation
3 -4 - 1|+x-1=0is k
(JEE Advanced 2021)
3. Let fix) = x* + ax® + bx? + ¢ be a polynomial with real
coefficients such that /(1) = —9. Suppose that \3 is a root
of the equation 4x* + 3ax? + 2bx = 0, where i =\-1. If a;,
a.,, 05 and o, are all the roots of the equation f{x) = 0, then

o + Jog + |ag* + Joyf isequal to .
(JEE Advanced 2024)

Multiple Correct Answers Type

1. Let S be the set of all non-zero real numbers such that the
quadratic equation ox? — x + ¢ = 0 has two distinct real
roots x; and x, satisfying the inequality ¥, —x,| <1. Which
of the following intervals is(are) a subset(s) of S?

11 ‘ 1
— 2) f===,0
® (-3-%) ® (%
1 i
o () © (%)
(JEE Advanced 2015)

2. LetS={(a,b,c):a,b ce R and ax? + 2bxy + ¢y* > 0 for

all (x, y) € R*—{(0, 0)}}.
Then which of the following statements is (are) TRUE?

(1) (2,%,6)68

1
Q) If (3’1”5)68 then | 25| < 1

(3) For any given (a, b, ¢) € S, the system of linear
equations
ax + by=1
bx + cy=-1
has a unique solution.
(4) For any given (a, b, ¢) € S, the system of linear
equations
(a+l)x +by=0
bx+(c+1)y=0
has a unique solution. (JEE Advanced 2024)
Linked Comprehension Type
For Problems 1 and 2
Let p, g be integers and let o, 8 be the roots of the equation,
x*—x—1=0where a# . Forn=0,1,2,...,leta,=pa’ +qp".

Fact: If a and b are rational numbers and a + & V5 = 0, then
a=0=b.

1. a,=
(1) a;—ay (2) a;;tay
(3) 2ay; tay 4) ay *2ay
2. Ifa,=28,thenp+2g=
(1) 21 @) 14
3) 7 @) 12

(JEE Advanced 2017)
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