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Bhaskara, also known as Bhaskaracarya and as
Bhaskara Il, was an Indian mathematician and
astronomer. Born in a Deshastha Brahmin family
of scholars, mathematicians, and astronomers,
Bhaskara was the leader of a cosmic observatory
at Ujjain, the main mathematical center of ancient
India. Bhaskara and his works represent a significant
contribution to mathematical and astronomical
knowledge in the 12th century.
He has been called the greatest mathematician of
medieval India. His main work Siddhanta-Siromani,
(Sanskrit for “Crown of Treatises”) is divided into four
parts called Lilavatt, Bijaganita, Grahaganita and
. Goladhyaya, which are also sometimes considered
Bhaskara four independent works. These four sections deal
(1114 AD—1185 AD) with arithmetic, algebra, mathematics of the planets,
and spheres, respectively.
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INTRODUCTION

Algebra is a branch of mathematics that deals with symbols and variables. It mainly consists of arithmetic operations
performed in the form of statements, equations, and expressions, extended to polynomials using certain special
products and identities along with exponents and the laws governing them. Algebraic equations have different forms
of representation, and consecutively, different methods are used to solve them to analyze various complex situations.
These algebraic equations can be dealt with mathematically as well as graphically.
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ALGEBRAICIDENTITY

An algebraic identity is an equality or, in simpler terms, an algebraic equation, which is true for all values of the variables
it contains.

Examples

(i) Inthe equation x+ 12 = 15, the mathematical statement holds true for only a particular value of x, that is, for x = 3.
Hence, it is not an identity.

(ii) Inthe equation 5x—4x=x, it is clear that whatever is the value of x, the statement always hold true. Hence, it
becomes an identity. '

Some Special Products and Identities
L (x+a)(x+b)=x*+(a+b)x+ab
Proof: (x +a)(x+b)=x(x+b)+a(x+b)
=x* +bx +ax+ab
=x*+ax+bx+ab
=x*+(a+b)x+ab
Il. (a+b)* =a*+2ab+b?
Proof: (a+b)’ =(a+b)(a+b)
=ala+b)+b(a+b)
=a’ +ab+ba+b?
=a’ +2ab + b?
. (a-b)Y =a’-2ab+b?
Proof: (a—b)’ =(a-b)(a—b)
=ala-b)-b(a-0b)
=a’ —ab-ba+b?
=g’ -2ab+b
IV. (a+b)a-b)=a*-b?
Proof: (a+b)(a—b)=a(a—-b)+b(a-b)
=a* —ab+ba-b*
=% —b?
V. (a+b+c)P =a*+b*+c? +2ab+2bc4_-2ca'
Proof: (a+b+c) =(a+b+c)a+b+c)
=ala+b+c)+bla+b+c)+cla+b+c)
=a’ +ab+ac+ba+b* +bc+ca+cb+c?
=a’ +b? +c* +2ab+2bc+2ca
VI. (a+b)’ =a®+3a’b+3ab* +b°
Proof: (a+b)’ =(a+b)*(a+b)
=(a’+2ab+b2)(a+b)

=a(a2 +2ab-1—b*)+b(a2 +2ab+b2)



Algebra

=a’ +2a’b+ab® + ba* +2ab* + b*
=a’ +3a’b+3ab® + b’
Vil. (a-b)’ =a’ —3a’b +3ab? - b
Proof: (a—b)* =(a—b)*(a—b)
=(a® —2ab+b*)(a-b)
=a(a2 —2ab+b2)—b(a2 -2ab+b2)
=a’ -2a’b+ab* —ba* + 2ab* — b*
=a’ —-3a’b+3ab’ - b?

Key pomts

0%+ 2ab+b? —a?+2ab-b?

— BT

Exponents

An exponent is a real number that expresses the power to which a quantity must be raised or lowered. For instance, in
2% 2 is called the base which is raised to the exponent 4. This means that 2 is to be multiplied by itself 4 times, that is,

2*=2x2x2x2.Similarly, 3* =3x3x3x3x3.
In general, if x is any real number and n is a natural number, then

X"=X-X-X..X-X
- S/ o

n times
The form x-x-x...x-x is called the product form, whereas the form x" is called the exponential form. The process
of writing a number in exponential form is called exponentiation.
Examples
(i) Wecanwrite =5 x—5 x—5 x—5 in the exponential form as (-5)* anditis read as "-5 raised to the power 4" Here,
-5 is the base and 4 is the exponent.

% sl ARG 71 YT 16
(ii) We can write =5 in the product form as _EX_E which is equal to =

Key point

.| x", ifniseven Ko : e
I —x", if nis odd :
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Rules of Exponents
Operations on exponents are governed by rules that are listed in the following table:
Rule Name i Definition Example )
Product Rule a-a"=g"" 2%.24 =234 =27 =128
a'-b"=(a-b)" 32.47 =(3.4)? =122 =144
a" 5
;n?:a"‘m ;_3=25-3_22=4
Quotient Rule
a—n— = (g)n £ = i i 23 8
b" \b SRl DI
@) =a" (2°)7=2"*=2° =64
anm :a(nm) 232 =2(32) =29 =512
Power Rule n s
V(@")=am 3(25)=22=2°=38
o 1
an = Q/E 8§ = €/§=2
Negative Exponent Rule a’= e 273 = ia = 1. 0.125
a 27748
a2 =1 5° =1
Zero Rule -
0"=0 forn>0 0°=0
1 1
a =da 5 :5
One Rule
1"=1 1°=1
Mi OneRul ( 1),, 1 ,neven (=1 =—1
nus One Rule -1)" =
I -1 ,nodd

PR oy points

% e The form 0°is undefined, unless otherwise stated.

o The reciprocal of a non-zero integer a is i and itis denoted by a™, that is, a' =l, For a fractional
a a

-1
number B,where p#0,q+#0,we have [B-) Lk
i g q P

(oo f
Examples
() (x+2P-(x+2)° =(x+2)*° =(x+2)°

(ii) X2 _XG = X2+6 =X8



@ Algebra

7

SRR X
(lll) e x7‘5 = x2

X

22 3 2x3 6 6
(iv) (_) =(Z) = Z) =2_=2x2><2><2><2><2=ﬂ
3 3 3 3° 3x3x3x3x3x3 729

(1)5 2=(:1)5x2_(_—1 10_(_1)10_ 1
3 3 el Al =i56049

3) -G
(vii)("‘_?’)_a:(i)a 83 8x8x8 =012

"G Oxx3) 27

=9a>2p%'c*' =9ab’c

a - b =(ab)** = (ab)’
FACT: @’ - b’ =(ab)’ = (ab)®

POLYNOMIALS
An algebraic expression consisting of two or more algebraic terms is called a polynomial. The word “polynomial” is
derived from the Greek word poly, meaning “many,’and the Latin word nomen, meaning “name” or “term’, in this case.

Degree of a polynomial in one variable is defined as the highest power of the variable in the polynomial. If a polynomial
contains two or more variables, then the sum of the powers of all the variables in each term is calculated and the
highest sum thus obtained becomes the degree of the polynomial. Example, 6x* — 2x% + xy? - 3x%/? is a polynomial in
x and y of degree 4.

Key pbini_’; ;

Variables in a polynomial have only whole number powers.

Types of Polynomials

1. Linear: A polynomial of degree 1 is called a linear polynomial. For example, 3+5x, 6—2y , and i+7z are linear
polynomials. :

2 Quadratic: A polynomial of degree 2 is called a quadratic polynomial. For example, 6x? —5x +4 and 2y*+3y —1
are quadratic polynomials.
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Cubic: A polynomial of degree 3 is called a cubic polynomial. For example, x* +5 and x* +2x? + 4x —3 are cubic
polynomials.

Constant: A polynomial having only constant terms is called a constant polynomial. Its degree is 0. For example,
6 is a constant polynomial.

) misconcepTioN

2, .1 " .
ax® +b—+c is a polynomial.
X

. . 1 . E
FACT: ax® + bx +c isa polynomial but ax* + b—+c is nota polynomial as it can be rewritten as ax> +bx™" +¢
X

and power of a polynomial term can never be negative.

A

=& ) AcTivitTy

Aim: To identify the degree and the type of the polynomial.

lllustration: The highest power of the variable in a polynomial of one variable is called the degree of the polynomial.

The largest sum of the powers of all variables in each term in a polynomial of two or more variables is called the
degree of the polynomial.

Polynomial Degree Name of the Polynomial
5 . .
5~p 1 Linear polynomial
3% 45x—7 2 Quaderatic polynomial
P25 +4x~3 3 Cubic polynomial
32 0 Constant polynomial

LCM of Polynomials

The LCM of two or more polynomials is the lowest degree polynomial that is exactly divisible by each of the given
polynomials.

Example: Find the LCM of 24ab, 4a’b, 26a°b* .
Solution: LCM of 24ab, 4a’b, 26a*b* = LCM (24, 4, 26) x LCM (ab, a*b, a?b?) = 312a%b?

HCF of Polynomials

The HCF of two or more polynomialsis the highest degree polynomial that exactly divides each of the given polynomials.
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Example: Find the HCF of 32ab, 4a’b, 28a°b”.
Solution: HCF of 32ab, 4a’b, 28a’b* = HCF (32, 4, 28) x HCF (ab, a’b, a’b®) = 4ab

Factor Form and Expanded Form of a Polynomial
Consider the polynomial (x +2)(x +4). It can be rewritten as follows:
(x+2)(x+4)=x(x+4)+2(x+4)
=x"+4x+2x+8

=x?+6x+8

The polynomial x* +6x +8 is called the expanded form of the factor form (x +2)(x +4).

Example: Which of the following polynomials are in factor form?
(i) (5x-7) (ii) (Bx+5)(6X-7) (iil) (8x+6)(3x+2)-7

(iv) 9x(7y-2) (v) 3ylx+2z)-5 (vi) 4x’+y’-z+6
Solution: Only (i), (i), and (iv) are in factor form.

The factor form of a polynomial is always a single term which is the product of its factors, whereas the

g expanded form of a polynomial has at least two terms, each of which is a monomial.

For instance, the factor form Sx(x+7) is a single term which is the product of 5, x, and (x+7). The
expanded form 5x? +35x has two terms in it, each of which is a monomial.

———

Factorization of Polynomials

Now that we know how to write the expanded form of a polynomial given in its factor form, we should also be able to

do the vice versa. The process of converting a polynomial from its expanded form into factor form is called factorization
of the polynomial.

Factorization can be accomplished by many methods. Let us discuss some of these in detail.
1. Factorization by Common Factors

Case I: Each term of the given polynomial contains a common monomial factor.

Here, write each term in prime factor notation, take out the factor common to both the terms, and put the
remaining terms in a bracket.

Example: Factorize 6ab® +9a°b*.
Solution: 6ab’® + 9a’b? can be written in the prime factor notation as follows:

3x2axbxbxb+3x3xaxaxbxb=3xaxbxb(2b+3a) =3ab?*(2b+3a)

Case lI: Each term of the given polynomial is a multiple of another polynomial.

Here, take out the common polynomial from each term, put the remaining terms in a bracket, and follow the
procedure in case | for the terms in the bracket.

Example: Factorize 2a(a® +1)-6(a* +1).

Solution: Since a@* +1 is common in both the terms, we take it out and proceed as shown below:
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2a(a’ +1) - 6(a? +1) = (a? +1)(2a—6)
=(a* +1)2(a-3)
=2(a* +")(a-3)
2. Factorization by Grouping

In this method, terms of the given polynomial are written in groups such that each group has a common factor
and the remainder expression is same in all the groups. Further simplification is carried out by distributive laws.

Example: Factorize 2a® - 3b® + 2ab? —3a%.

Solution: 2a* —3b® +2ab? —3g%b = (2c13 +2ab* ) - (Ba’b + 3b’)
= Za(a2 +b? ) —3b(a2 +b2)
=(a? +b*)(2a-3b)

3. Factorization by Using Identities

Some of the common identities used to factorize polynomials are listed below:

() @ +b*+2ab=(a+b)?

(i) a*+b*-2ab=(a-b)

(i) a* =b? =(a+b)(a-b)

(iv) (a+b)’ =a’ +b> +3abla+Db)

(v) @ +b*=(a+b)(a®+b*-ab)

(vi) (a-b)* =a® =b* =3abla-b)

(vii) @® = b =(a-b)(a* +b? +ab)

Example: Factorize p> —=10p+25.
Solution: p? =10p+25=(p)* —=2x5x p+(5)?
=(p-5) [+(a=b)* =a® +b* —2ab |
Example: Factorize 32a* +108b°.
Solution: 32a” +108b° =4(8a’ +27b") =4[ (2a)° +(3b)’

Since @® +b® =(a+b)(a® +b* —ab), the factorization becomes

324° +108b° = 4[(2a+ 3b)((2a)? +(3b)? - (2a)(3b))]
=4(2a+3b)(4a* +9b* —6ab)

4, Factorization of Trinomials of the form x*+px+q

Here we determine two numbers a and b such that a+b=p and ab=q.Then
x* +px+q=x*+(a+b)x+(ab)
=x?+ax+bx+ab
=x(x+a)+b(x+a)
=(x+a)(x+b)
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Example: Factorize x? +10x+24.

Solution: We need to determine two numbers a and b such that a+b=10 and ab=24. Upon observation, we
note that a=4 and b=6, or vice versa. So

X1 410X +24 = X? +(4 +6)X +(4x6)
=x*+4x+6x+4x6
=X(X-+4)+6(x+4)
=(x+4)(x +6)
or we can directly write that x? +10x+24 = x? +(4+6)x +(4x6) =(x +4)(x +6).
Example: Factorize x* =15x+56.
Solution: The two numbers whose sum is —15 and product is 56 are -8 and ~7. So
X* =15X 456 = X + (-8 =7)x + (-8x=7) = (x —8)(x =7)
5. Factorization of Trinomials of the form Ax*+ Bx+C
Here we find two numbers a and b such that a+b =B and ab = AC, and then procced as in the previous case.
Example: Factorize 3x* +11x+10.

Solution: We are required to find two numbers whose sum is 11 and product is (3x10) =30.The two numbers are
5and 6.So

3x* +11x+10=3x* +5x +6X +10
= x(3x45)+2(3x+5)
=(3x+5)(x+2)
Example: Factorize 14x* -23x+8.
Solution: The two numbers whose sum is =23 and product is (14x8)=112 are —16 and -7. So

14x% -23x+8=14x* —16x~7x +8
=2x(7x—8)—-1(7x—-8)
=(7x-8)(2x 1)

EXAMPLES l

1. Find the expression that is equal to the product (x+6)(x+8).

Solution: Using the identity (x+a)(x +b)=x*+(a+b)x +ab,we get

(x+6)(x+8)=x*+(6+8)x+(6)(8)=x*+14x+48

2. Simplify (x—5)(x-7) using an identity.
Solution: Using the identity (X +a)(x+b)=x*+(a+b)x+ab, we get
(x=5)(x =7) =[x +(=5)][x +(=7)]
=x* +[(=5)+(=7)]x +(-5)(-7)
=x*-12x+35
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3. Simplify 113x107 using identities,

Solution: Using the identity (x +a)(x +b)=x* +(a+b)x+ab, we can simplify 113x107 as follows:
113%107 =(1oo+13)(1oo+7)

=(100)° +(13+7)x100 + (13x7)
=10000+20(100)+ 91
=10000+2000+91=12091

2 2
4. Expand: (i) (3a+£bj (i) (za+£b
3 3 4
Solution: Use the identity (a+b)’ = a? +2ab+b? to expand both the expressions as follows:
. 3 O
(i) (30 +—b) =(3a)" +2x Saxab +(3b)
3 3°\3
2 4 2
=9a” +4ab +§b

2 \2 2
(i) (3a+3b] =(3aj +zx3axib+[ib]
3774 3 374 \a

2 iabs 2
9 16

2

5. Write the expanded form of (3x + 5)3 .
Solution: Consider the identity (a+b)’ =a’ +3a%b+3ab? +b°,
Puta=3x,and b=5.Then
(3x+5)’ =(3x)’ +3(3x)*(5) +(3)(3x)52 +5°
=27x +135x* +225x +125

6. Express 9a® +42ab+49b* as a perfect square.
Solution: 9a° +42ab + 49b*
= (3a)’ +2x3ax7b+(7b)’
= (3a+7b)’

7. Find the value of 36x* +84xy +49y? for x=3andy =6,

Solution: 36x* +84xy +49y?

=(6x)" +2x6xx7y+(7y)’
=(6x+7y)’

=(6x2+7x6)’ (v x=3,y=6)
=(18+42)" =(60)’ =3600
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8. Find the degree of the following polynomials:

(i) 5x*-3x2+4x-8 (i) 6+5y2—7y* (i) 2z°-372° +8z+1
Solution: (i) 5x° —~3x*+4x—8 is a polynomial of degree 3.
(ii) 6+5y>~7y* isa polynomial of degree 4.

(iii) 2z° —32* +8z+1 is a polynomial of degree 5.

9. Find HCF of (4x—5)(2x+3) and (4x-5)*(3x+7).
Solution: HCF of (4x —5)(2x+3) and (4x-5)"(3x+7) =(4x-5)

10. Find LCM of (4x-5)(2x+3) and (4x-5)’(3x+7).
Solution: LCM of (4x—5)(2x+3) and (4x~5)"(3x+7) = (4x-5)" (2x+3)(3x+7)

11. Factorize k* 18k +81.
Sotution: The two numbers whose sum is —18 and product is 81 are =9 and —9. So
k* —18k +81=k> +(-9-9)p +(-9x—9)
=(k-9)(p-9)
=(k-9)

(©}) RECALL

1. Anidentity is an equality which is true for all values of the variables in it.

2. Some commonly used products and identities to simplify expressions are:

(i) (x+a)(x+b)=x>+(a+b)x+ab (ii) (a+b)*=a*+2ab+b?
(iii) (a—b)* =a*-2ab+b’ (iv) (a+b)(a-b)=a*-b?
(v) (a+b+c)* =a*+b*+c?+2ab+2bc+2ca (vi) (a+b)® =a® +3a°b+3ab® +b°

(vii) (a—b)® =a* —3a’b+3ab* -b*

3. Anexponent is a real number that expresses the power to which a quantity must be raised or lowered.

4. Laws of exponents are the rules that help simplify expressions involving exponents.

5. An algebraic expression consisting of two or more algebraic terms is called a polynomial.

6. Degree of a polynomial in one variable is defined as the highest power of the variable in the polynomial.

7. Degree of a polynomial in two variables is the highest sum of the powers of all the variables in each term of
the polynomial. '

8. Based on the degree of a polynomial, it can be classified as linear, quadratic, cubic, or constant.

LCM of two or more polynomials = LCM (coefficients) x LCM (variables)

10. HCF of two or more polynomials = HCF (coefficients) x HCF (variables)

11. Factorization of polynomials can be done by taking common factors, by grouping, by using idenities, or by
using the procedures defined for the forms x* + px+q and Ax*> +Bx+C. '

Bt It o oo [ 4 T T g O g Bt o B g g B P e ot ot B o A g VoV fﬂf T _I"
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DESCRIPTIVE QUESTIONS

VERY SHORT ANSWER QUESTIONS

1. Simplify 108 x96 using an identity.

2. Evaluate (105)° by using the expansion of
(a+b)’.

3. Evaluate (47)* by using the expansion of (a—b)?.

Find the following products using the identity
(a+b)(a-b)=a*-b*,

(i (3b+3c)(ib-3c]
5 3 )5 3
(i) (x-2y)(x+2y)

5. Evaluate (9.6x10.4) using the identity (a+b)
(a-b)=a*-b*,

Find the HCF of 12ab’ and 15a°b°.

Factorize: 14ab® +21a%b?

Write the factor form of 4a(a® +1)-8(a* +1).
Factorize: x> + xy +8x +8y

10. Factorize: ax —(ax +by)* +a’x +aby + by

11. Find thevalue of 4x® +3x* +10x+11 for.x=-3.

12. Find the value of m’+n®-p*>-3mnp when
m=4,n=-3,andp=2.

13. Ifa+ b =100 and a - b =50, then find the value
of 4ab.

14. Factorize: a* +8a+16

2 3
15. Expand: [;x —6)

SHORT ANSWER QUESTIONS

16. Identify the following polynomials based on
their degree.

i) 3x+>
X

(i) 2+5x¥% +7x?

(i) z+3Vz +9

V.

17. Find the degree of the following polynomials
and classify them.

(i) 2x%y® =3xy? +5x%y°
(i) 3ab*-4ay/b +5b°

(i) 4xy—3xy> pELe
y

18. Factorize: 3a® +24b°
19. Factorize: x> +7x+12

20. Factorize: x> —9x+20
21. Expand the following using the

(a-b)' =a* —2ab+b?.
‘ i)
(i) (3x—-2—;J

,I 2
(i) [—gx—3y]

22. Expand (p+g+ 2r)2 using an identity.

identity

23. What must be added to 4x* +20xy to makeita
perfect square?

24, Write 16m?>-24mn as a perfect square
expression by making the necessary additions.

LONG ANSWER QUESTIONS

23 x472x3°
25. Simplify: ————
implify 22x9x3~

(2—3 )2 X(32 )—3 x(5—4 )2
(2—2 )5 x(33 )—2 x(5—3)4

26. Simplify:

27. Simplify:
-3
2 2 -5 -1 -2
G- )
4 3 2n-1
28. Find n such that (E) x(éj =(§) .
5 5 5

FILL IN THE BLANKS

29. An is an equality or an algebraic
equation which is true for all values of the
variables in it.

©
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30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

The product (x + 3)(x + 6) is equal to

The polynomial x* +2x* + 4x —3isa
polynomial.

7 4 7 4
The product | =X+=y || =X==y | i
e product (11 7}’)(11 7}’) is equal to

To make 4m> - 20mn a perfect square,

must be added to it.
In 5?2 is called the base and
is called the exponent.
The HCF of 12ab, 4ab, 13a’b® is
-3 -3 -3
—7§x—x— can be written in the power
notation as

3)‘3 =
2
The expression (8x+6)(3x+2)—7 is not in

form.

The degree of the polynomial 16x®—12x>
+5x—7 is

TRUE OR FALSE

40.

41.

42,

43.

44,
45.

46.

47.

2 }
= 6125
— isequal to ——.
3 729

—4can be expressed in exponential form as

2333
)
If b%is added to 4a? + 8ab, then it becomes a
perfect square.
6a’b* +3a’b® —2a*b® is a polynomial in a and b
of degree 2.
HCF of 15xy> and 35x?y? is 5xy2.

LCM of two or more polynomials = (LCM of
numerical coefficients) x (each factor raised to
lowest power)

The factor form of 14x*—23x+8 is (7x—8)
2x+1).

The expansion of (2x—3)* is 8x> —36x> +54x
+27.
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INTRODUCTION

As discussed earlier, polynomials of degree one are called linear polynomials, If we equate these polynomials to
zero, they become linear equations. We do this to solve polynomials which may represent real world scenarios like
determining the yearly savings of a person when the spending trends are nearly the same every month or finding the
number of different kind of fruits to be packed in a dozen baskets when the capacity of one basket is known etc.
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Linear Equations

The general form of a linear equation is ¢, X, +¢,x, +...+¢,X, =C,, Where x,,X,,...,X, are variables, ¢;,¢,,...,c, are
constants, and n is the number of variables in the equation.

System of Linear Equations or Simultaneous Linear Equations
A collection of linear equations that simultaneously hold true for the same values of the variables is called a system of
linear equations. The standard form of a system of linear equations is

€\ Xy +CyXy +...4+C X, =Co

dix, +d,x, +...+d,x, =d,

where ¢,,¢,.....C, €R, d,.d,,...,d, €R, and the constants are not all zero at the same time.

SIMULTANEOUS LINEAR EQUATIONS IN TWO VARIABLES
A linear equation in two variables is of the form ax +by +c =0, where g, b, and c are real numbers and g, b # 0. For
instance, equations 11x + 5y = 8 and -2x'+ 5y = 4 are linear equations in two variables.

Two linear equations in two variables x and y are said to form a system of simultaneous linear equations in x and y if
each ‘of the equations is simultaneously satisfied by the same pair of values of x and y. The standard form of a system

of linear equations in two variables is
ax+by+c¢ =0
a,x+b,y+c,=0
where a,,q,,b,,b,,c,,c, R and q,,a,,b,,b, #0.
Example: If x and y are the variables, then a system of linear equations is
3x+2y=7
5x-y=3

Methods of Solving Simultaneous Linear Equations

To obtain a solution of the system ax+by+c,=0 and a,x+b,y+¢, =0, either algebraic methods or graphical
methods are used.

Algebraic Methods

The algebraic methods used to solve a system of simultaneous linear equations in two variables are substitution
method, elimination method, and cross multiplication method (to be learnt in higher grades).

1. Substitution Method: In this method, the following steps are followed:
Step 1: Consider the first equation and express y in terms of x.
Step 2: Substitute this value of y in the second equation and simplify for x.
Step 3: Substitute the value of x in the relation ob tained in Step 1 to obtain the value of y.

Example: Solve the system 4x+3y =14, 3x+2y=11.
Solution: The given equations are

4x+3y=14 ..(1)

3x+2y =11 ...(2)

-4
From equation (1), we get 4x+3y=14=>y= ld =% .
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T,

14-4x

Substitute y = in equation (2) and simplify for x.

14-4x

3x+2( ):11@9x+2(14—4x)=33

& 9x+28-8x=33
& x=33-28=5

14—
X and solve for y.

Finally, substitute x=5 in y =

1
=—(14—-4x5)
)’3(

~1na-20)
3

1
3( )

Therefore, the solution of the given systemis x =5,y =-2 or (5,-2).

2. Elimination Method: The following steps are followed in this method:
Step 1: Multiply the given equations by suitable constants such that the coefficients of one of the unknowns
become numerically equal.
» Step 2: Add the equations if the numerically equal coefficients are opposite in sign, otherwise subtract them.
Step 3: Solve the resultant equations which give the value of one of the unknowns.
Step 4: Substitute this value in any of the given equations and solve to find the value of the other unknown.

Example: Solve the system 4x+7y =9, 10x+9y =31.
Solution: In this system, let us convert the coefficients of x into numerically equivalent coefficients.
The coefficients of x are 4 and 10. Since LCM (4, 10) = 20, we multiply the first equation by-5 and the second
equation by 2, as shown below:
(4x+7y=9) x5
(10x+9y =31 x2

20X +35y =45
20x+18y =62
Subtract the second equation from the first to obtain the value of y.
20x+35y =45
20x+18y =62
== B
17y =-17
y=-1

Finally, substitute y=—1in 4x+7y =9 and solve for x.
4x+7%x(-1)=9<4x-7=9
& 4x=16
S x=4

Therefore, the solution of the given systemis x=4, y =—1 or (4,-1).
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Key point

Special Case: If the system is of the form ax+by =c,, bx+ay =¢, and the coefficients a and b are
large, we try to obtain a simpler system by first adding these two equations and then subtracting them.
The system of two equations thus obtained has the same solution set as the original one.

Consistency and Inconsistency of a System of Equations

Note that a system of equations can have one solution, infinitely many solutions, or no solution at all. If a system has
at least one solution, it is said to be a consistent system. If a system has no solution at all, it is said to be an inconsistent
system.

The conditions that help determine the consistency or inconsistency of a given system of linear equations are:

(i) If a4 # ﬁ , then the system is said to be consistent and independent with a unique solution.
a b

- a b N . . - .

(i) If L=—"L= & , then the system is said to be inconsistent, that is, it has no solution at all.
a 0, G

... a4 b c . . L e .

(i) If L= EL =—1  then the system is said to be consistent and dependent with infinitely many solutions.
a 0, G

Graphical Methods

The standard form of a linear equation is ax + by + ¢ = 0. When plotted on a graph, the nature of the curve is a straight
line that may or may not cut the coordinate axes or pass through the origin (0,0).

For instance, if the equation 2x +3y =7 is plotted on a graph, it is represented as a straight line which has a slope (the

angle of inclination with the x-axis) of —% and a y-intercept (the point at which the line cuts the y-axis) of g .

X
y
™ 5
N
- é “L 2+3y=7
< il ;
-5 ~ 3 4] 0 N
> 5 '\\ 1 X
e 3 L "\ -
L SO N SN S A -
: i N
N A N
B 1y
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Slope: The equation ax+by+c=0 can be rewritten as y = _%X —% which is equivalent to the form y=mx+d,
where m is the slope of the line and d is the y-intercept of the line.

So, for the line ax + by +c =0, its slope is given by m= —% and the y-intercept is given by d = —%.

Analyzing Graphs of System of Linear Equations in Two Variables
A straight line can either pass through the origin or can be parallel to one of the coordinate axes or can be inclined at
a certain angle to one of the coordinate axes.

1. Lines passing through the origin: If two or more lines pass through the origin, then their solution is (0, 0). These
equations can be represented graphically as follows:

A

IRy ANNENE
L/
W/ """" a "';’ o '—‘3'_—'
....... '[. R e A
S S I

2. Lines parallel to coordinate axes: The line of the form y = b is represented graphically by a line parallel to the
x-axis at a distance of b units, whereas the line of the form x = a is represented graphically by a line parallel to the
y-axis at a distance of a units.

Y A
y A A
!
y=>b
A= > B a
< »
b
X=a
| < A » X ! < >
X < o X 0 X
\
Y' \ \J
Y B

Depending on the sign negative or positive, of the value of b, the line y = b lies below or above the x-axis. Same
can be commented for the value of g, that is, depending on the sign of the value of g, the line x =a lies on the left
or the right of the y-axis.

55
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A Y
Y A A
A
X < 2 yy > X a
b x=—a
A= Y > B X' € > X
=3 (0]
y r=*
Y \d Y
B A4

3. Intersecting lines: The lines x+3y =5 and 2x+y =7, that intersect at the point (3.2, 0.6), can be represented
graphically as follows:

e e e R B
{ \ RN AR B E i {

[ Vo R [

T \ \ == v !

4 . { { \ \ \ \

! .;20<

Consistency and Inconsistency of a System of Equations

Graphical analysis of the consistency or inconsistency of a system of linear equations is simpler than that by algebraic

methods.

(i) Ifthegraphsofthetwolinesareintersecting, the givensystem of equationsissaid to be consistentand independent
with a unique solution which is the point of their intersection. '

(i) If the graphs of the two lines are parallel to each other, the system of equations has no solution and is therefore,
said to be inconsistent.

(iii) If the graphs of the two lines are coincident, that is, overlapping each other, the system of equations is said to be
consistent and dependent with infinite number of solutions.

Example: If b=0, then draw the graph of the linear equation ax +by =r. Also draw the graph when a=0. Do the
two lines intersect? If yes, then what is the point of intersection?

r : }
Solution: If b=0,then the linear equation ax + by =r becomes ax=r= x = ® which is a line parallel to the y-axis at

adistance of Z units on the right side of the y-axis.
a
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X' <

o R .
If a=0,then the linear equation ax + by =r becomes by=r=y :E which is a line parallel to the x-axis at a distance

r . s
_ of E units above the x-axis.

Y
A _r
b
A<— 7y > B
N
i b
'< v »
X<—s > X
\/
v
. r r. . (rr
Clearly, the lines x =— and y =— intersect at the point (—,—).
a b ab
MISCONCEPTION \

Both parallel and coinciding lines have infinitely many solutions. _
FACT: Parallel lines have no solution, whereas coinciding lines have infinitely many solutions.

Parallel lines are of the form ax + by =c,, ax + by =c, , that is, they differ only in the constant term which is the
condition for no solution. Coincident lines are of the form ax + by = ¢, akx + bky = ck ,where k =0, thatis, one
equation is a scalar multiple of the other which satisfies the condition for infinitely many solutions.

EXAMPLES l

1. The sum of two numbers is 57 and their difference is 33. Find the numbers.
Solution: Let the required numbers be x and y. Then
X+y=57 ...
x-y=33 ...(2)

W,
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On adding equations (1) and (2), we get
2x=90=>x=45
Substitute x =45 in equation (1) and simplify for y.
X+y=57=45+y=57
=>y=12
Therefore, the numbers are 45 and 12.

2. Atwo-digit number is 4 times the sum of its digits. If 36 is added to the number, its digits are reversed. Find the
number.

Solution: Let the tens and the units digit of the number be x and y, respectively. Then, the numberis 10x+y and
the sum of its digitis x+y.
By the first condition, we get
10x+y=4(x+y)
=>10x+y=4x+4y
=6x-3y=0 ...(1)
On reversing the digits, the new number obtained is 10y + x . So, by the second condition, we get
(10x+y)+36=10y +x
=9x-9y=-36
=>x-y=—4 ...(2)
We now solve the system of equations (1) and (2) by elimination method.
6x—-3y=0
x -y =—4) x3
6x—-3y=0
3x-3y=-12
=) ) )
3x=12
Xx=4
Substitute x =4 in equation (1) and simplify fory.
6x-3y=0=6x4=3y
=y=8
Therefore, the original numberis 10x+y=10x4+8=48.

3. Tenyearsago,aman was 12 times as old as his son and 10 years hence, the man will be twice as old as his son. Find
their present ages.
Solution: Let the present ages of the man and his son be x years and y years, respectively.
10 years ago, the man was 12 times the age of his son. So,
x—-10=12(y-10)
=x-10=12y-120
=>x-12y=-110 ...(1)
After 10 years, the man’s age will be 2 times the age of his son. So,
x+10=2(y+10)
= x+10=2y+20
=x-2y=10 ...(2)
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On subtracting equation (2) from equation (1), we get
-10y=-120y=12
Substitute y =12 in equation (2) and simplify for x.
X=2y=10=x-2%12=10
=x-24=10
=x=34
Therefore, the present ages of the man and his son are 34 years and 12 years, respectively.

Solve the system 19x —17y =55,17x—-19y =53.
Selution: The given equations are
19x-17y =55 ...(1)
17x-19y =53 ...(2)
If we use any of the algebraic methods on this system, the calculations will become complex and might lead to

some errors as well. So, we reduce this system to a simpler system by first adding the given equations and then
subtracting them.

(19x-17y)+(17x—-19y)=55+53
36xf36y=108
x—y=3 ...(3)
(19x=17y)-(17x-19y)=55-53
2x+2y=2

x+y=1 ...(4) @

We now solve the system of equations (3) and (4) using elimination method.
x—y=3
x+y=1
(=) )
—2y=2
y=-1
Substitute y =—1 in equation (3) and simplify for x.
x—y=3=x+1=3
=>x=2

Therefore, the solution of the given systemis x =2,y =-1 or (2, -1).

Give the condition for which a given system of linear equations in two variables has no solution.
Solution: Consider the system a,x +b,y +¢, =0 and a,x +b,y +¢, =0.

if b £ , then the system has no solution and is said to be inconsistent. -
a, b c .

Give the condition for which a given system of linear equations in two variables has infinitely many common
solutions.

Solution: Consider the system a,x + b,y +¢, =0 and a,x+b,y +¢, =0.

a b c ’ : Lo Kl .
f L= —5‘— = C—‘ , then the system is consistent and dependent with infinitely many solutions.
a, G '

o
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7. Consider the following system of linear equations in two variables:
X=2y=—4
-3x+6y=0
Why do they not have a solution? Also plot the graph.
Solution: For the given system, let us check the ratio of their coefficients.

g 1 1
A 1
b, #2..1
b, 6 3
¢, —4
&

- a b ¢ -
Since - =—1 -1 the given system has no solution. The graph of the system is given below:
a 0, G '

8. Determine the equation of a line which is parallel to the x-axis at a distance of 8 units above the x-axis.
Solution: The equation of a straight line parallel to the x-axis is of the form y = k, where k is the distance of the line
from the x-axis.
Since the distance is 8 units above the x-axis, the equation becomes y = 8.

9. Find the equation of a line which is parallel to the y-axis at a distance of 15 units on the right side of the y-axis.
Solution: The equation of a straight line parallel to the y-axis is of the form x = k, where k is the distance of the line
from the y-axis.

Since the distance is 15 units on the right of the y-axis, the equation becomes x = 15.

,10. Solve the system 3x+5y =3, 4x+3y=15.
Solution: The given system of equations is
3x+5y=3 ...(1)

4x+3y=15 ()
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We solve this system by elimination method.
(3x+5y=3) x4
(4x+3y=15) x3

12x+20y=12
12x+9y =45

(S E)
11y =-33
y=-3

Substitute y =-3 in equation (1) and solve for x.
3x+5y=3=3x+5(-3)=3
=3x-15=3
=3x=18
=Xx=6
Therefore, the solution of the given systemis x =6, y =-3 or (6, —3).

/\‘
(©) ) RECALL
1. Anequation of the form ax +by +c =0, where g, b, and c are real numbers is called a linear equation in two

variables xand y.

When two linear equations in two unknowns are satisfied by the same pair of values of the unknowns, then
these equations are called simultaneous linear equations in two variables.

»

3. General form of a system of simultaneous linear equations in two variables is a,x+b,y+c, =0, where
a,#0,b,#0 and a,x+b,y+¢,=0,where a, #0, b, 0.

. a b o L : :
4. If —-=-1 orthe graphs of two lines intersect, then the system is said to be consistent and independent
aZ 2

with a unique solution.

a b c - ; N : . e
5. If L= —L %1 orthe graphs of two lines are parallel, then the system is said to be inconsistent, that is, it has

a b G
no solution.
a b c ; o il 5 :
6. If —‘—=27l=—I or the graphs of two lines are coincident, then the system is said to be consistent and
a b5 G
dependent with infinite number of solutions. /“

7. Theequation x=a (or x =—a) represents a line parallel to the y-axis at a distance of a units on the right (or
left) side of the y-axis.

The equation y=b (or y=-b) represents a line parallel to the x-axis at a distance of b units above (or
below) the x-axis.

e

- . V. n e e - Sm S e e e S e . . e e e Sm TR P Gm e G e S e G G S e e e S e e m
i S S e e )

e Y e At el L PP P S I S P /*/,/”'

9
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DESCRIPTIVE QUESTIONS

VERY SHORT ANSWER QUESTIONS

1. What are the algebraic methods used to solve
linear equations in two variables?

2. If a#0,b=0, and c#0, then the equation

ax+by+c=0 becomes ax+c=0 or x=——
a
Discuss the nature of the graph.

3. When does a system of linear equations in two
variables have a unique solution?

4. For no solution, analyze the nature of graph of a
system of equations in two variables.

5. Draw the graphof x = —TS

6. When a#0, b=0,and c=0,then what happens
to the equation ax+by+c=07? Analyze the

nature of the graph.
7. Analyze the following graph:

A y-axis
<«———»y=b y=x
=5y x-axis x-axis

\4 y=x

8. When is a system of linear equations in two
variables said to be dependent with infinitely
many common solutions?

SHORT ANSWER QUESTIONS

9. Show that x=5,y=-2 is a solution of the

system 4x+3y=14,9x -5y =55.

Show that x=3, y=2 is not a solution of the

system 4x -3y =6,5x+2y=17.

11. Solve the system 2x-3y =7, x+y =1 by using
the method of substitution.

10.

12. The larger of two supplementary angles exceeds

the smaller by 18°. Find their measures.

13. Find the equation of a line parallel to the x-axis
such that it lies at a distance of 7 units below the

Xx-axis.

.

V.

14. Determine the equation of a line parallel to the
y-axis at a distance of 4 units on the left of the
y-axis. -

15. Atul has a farm where he domesticates hens and
cows. If the total number of heads is 64 and the
total number of feet is 196, find the number of
hens and cows that Atul has.

LONG ANSWER QUESTIONS

16. Considerthefollowing system of linear equations
in two variables:
5x+2y=4
-2x+y=11
Determine the solution and plot a graph for the
same.

17. Forthe system8x +7y =38,3x -5y =—1,analyze

the type of solution. Also plot the graph.
18. For the following system, determine the solution
and plot a graph.
3y=18-x
3x-7y=-10
19. Solve the system x+y=13,x—y=3. Plot the
solution on a graph.
Discuss the nature of solution of two lines in a

plane.

20.

FILL IN THE BLANKS

21. A linear equation in two variables has two
variables, each of degree

22. A pair of values of x and y satisfying each of the

equations in a given system of two simultaneous

equations in x and y is called a of the
system.
23. In the method, the coefficients of any

one variable in both the equations are made
equal by multiplying the equations with suitable
non-zero numbers.

24.1f & 2 b—' , then the system of linear equations is
aZ 2

said to be consistent with solution.
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V. TRUE ORFALSE 28. If the numerically equal coefficients in the
25. An equation is said to be linear in two variables if elimination method are opposite in sign, then
it can be written in the form ax+by +c=0. add the two equations, otherwise subtract them.
26. The coefficients of x and y are zero in 29. The 'equation y=b represents a line that is
ax+by+c=0. parallel to the y-axis at a distance of b units on

the right of the y-axis.

27. If two lines are parallel, the system is consistent ) )
and there exists a unique solution which is the 30. If the sum of two numbers is 60 and their

point of intersection of the two lines. difference is 14, then the numbers are 27 and 33.
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Introducti to uadrati Euations

Methods for
Solving Quadratic
Equations

' QUADRATIC -
* EQUATIONS

ax® + bx +c =0 il

Sum and Product of
Roots

INTRODUCTION

Quadratic equations find applications in almost every aspect of our lives. Be it calculating the area of a room or finding
the maximum height of a ball thrown by a kid or determining the speed of a ship on sea, quadratic equations are
involved.

The word “quadratic”is derived from the Latin word quadratus meaning “squared”. A quadratic expression is a second-
degree polynomial, that is, the highest power of the variable in the polynomial is two (hence the word squared).

QUADRATIC EQUATIONS

A quadratic equation is a polynomial equation of second degree. Its general form is

ax’> +bx+c=0



Introduction to Quadratic Equations

where a # 0 (in case a = 0, the equation becomes linear). The letters a, b, and c are called coefficients; a is called the
quadratic coefficient, b is called the linear coefficient, and c is called the constant coefficient, also called the free term

or the constant term. For instance, 5x* +7x+3=0, 4x* +2=0,and 3x* +8x +4 =8 are all quadratic equations.

A quadratic equation will always have two roots. These roots can either be equal or distinct, or real or imaginary.

Key point

An equation of the form ax® +bx +d =e, where g, b, d, and e are known constants, can be reduced to
the general form of quadratic equation as ax® +bx +d =e=>ax”> +bx+c=0,where c=d —e.

METHODS FOR SOLVING QUADRATIC EQUATIONS

Solving a quadratic equation means finding the roots of the equation, that is, the values that satisfy the given quadratic
equation. There are three methods used for this purpose.

(i) Factorization method

(ii) Completing the square method (or square root method)

(iii) Quadratic formula method

Factorization Method

Consider the equation ax? +bx +c =0, a = 0. The factorization method is described in the following steps:
Step 1: Write b as a sum (or difference) of two quantities such that their product is equal to ac.
Step 2: Express ax* +bx+c as the prpduct of two linear factors, say (px+q) and (rx+s), wherep,q,r,s R and
p#0,r=0.
ax* +bx+c=0
(px+q)(rx+5)=0
Step 3: Using the zero-product rule (if ab = 0, then either a= 0 or b = 0), equate the linear factors (px +q) and (rx +5)
to 0 and determine the values of x. :
(px+q)(rx+s)=0=>px+g=0o0rrx+s=0
=x=-Jorx=-2
p r
Therefore, the roots of the quadratic equation become —% and —; .
Example: Find the roots of 2x* — x—3 =0 by factorization method.
Solution:In 2x*> —x—-3=0,a=2,b=-1and c=-3.Then, bcan be written as the difference of 3and 2as 3x -2 = -6 = ac.
So
2x* —x-3=0
2x* —(3-2)x-3=0
(2x* =3x)+(2x-3)=0
x(2x-=3)+12x-3)=0
(2x-3)(x+1)=0
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=2x-3=0o0rx+1=0

3
= X==—orx=-1
2

Hence, the roots are % and -1,

Completing the Square Method

Consider the equation x> +8x+4 =0. If factorization method is applied, we observe that 8 cannot be expressed as
a sum (or difference) of two numbers whose product is 4. So, the factorization method fails here. Let us see how
completing the square method proves helpful in this situation.

Consider the equation ax* +bx+c=0,a=0.

Step 1: Divide the equation by a to convert the quadratic coefficient into 1.

b c
ax’> +bx+c=0=>x*+=-x+—=0
a a

2
Step 2: Add and subtract [ZEJ , that is, square of half the coefficient of x, on the left-hand side. Our motive is to
a

convert the LHS into a perfect square.

2 2
x2+9x+—c-+(£) —(3] =0
a a \2a 2a
2 2
x2+2x+(£)+5—(—gj =0
a 2a a \2a
2 2
x2+2x£xx+(—b—) +£—(£) =0
2a 2a a \2a

(ae) ()
X+— | =|—| ——
2a 2a a

Step 3: Take square root on both the sides to obtain two linear equations. On solving these equations, two roots of the
quadratic equation are obtained.

Note that since square root is being taken in the third step, this method is also known as the square root method.

Example: Solve x* +8x+4=0,
Solution: Since the quadratic coefficient is already 1, we move straight to step 2.

Add and subtract (g)z =16 on LHS to complete the square.

x*+8x+4=0

x> +8x+4+16-16=0

x> +8x+16-16+4=0

(x-4y-12=0

(x-4)7 =12

x—-4=+J12
x=4+12

Therefore, the roots are 4 + V12 and 4- x/ﬁ §



Example: Solve 2x? +7x+3=0.

Introduction to Quadratic Equations

Solution: Since the quadratic coefficient is not 1, we first divide the given equation by 2.

2N} 47X 4320 X+ Lxt o=

2
Add and subtract (L) =32

2x2

16

Therefore, the roots are 2t and -3.

Example: Solve 2x*> +x-4=0.

Solution: Proceed as follows:

2x2+x-4=0

Therefore, the roots are \/f_l and —\E’EH_

=—— on LHS to complete the square.



@ Algebra

Quadratic Formula Method

This method involves using a general formula, called the quadratic formula, to find the solution of any quadratic
equation. Let us first see how this formula is derived.

Consider a quadratic equation ax® +bx+c=0,a=0.

ax® +bx+c=0

ax’ +bx =—c
, b c
X +—Xx=—=
a a
b) b
Add (2—) =Z——2- on both sides to convert the LHS into a perfect square.
a a
5 b? c b
X k=X tb—mm——p—a
a 4a a 4a
a 2
x’+2x£xx+b_=b_..£
2a 4a® 4a® a *
( b)2 b? —4ac
X+—| = 3
2a 4a
b . VJb-4ac
X+—=t—
2a 2a

. —b++/b? —4ac
2a

. -b+b? -4 3
Therefore, the roots of the equation ax’ +bx+c=0 are given by x :_Sai' which is called the quadratic

formula.
Example: Solve 2x* —5x—3 =0 using the quadratic formula.

Solution: On comparison with the general form of quadratic equation, we get a=2, b=-5,and c=-3.

_—bb’-4ac
2a
_ ~(=5)£y(-5) ~4(2)(=3)
2(2)

_5+25+24

X

5-7
4

1
Therefore, the roots are 3 and i
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SUM AND PRODUCT OF ROOTS OF A QUADRATIC EQUATION

Sum of Roots

—b++/b? —4ac —b—b® —4ac

Let us find the sum of the roots x, = and x, =
2a 2a
—b+Vb*—4ac -b-+b*—4ac
Xy 0, = +
2a 2a
_=2b
2a
==0
a

s = -b :
Therefore, sum of the roots of any quadratic equation is always equal to — or in a more general sense,
a

—coefficient of x

sum of roots = - 1
coefficient of x

Product of Roots

—b++/b* —4ac

—_— _Q’ 2 —
We now determine the product of the roots of x, - i and x, = D=0 2AdE :
a 2a

[_b+v@7:ZEEJ(-b-v%7:ZEE]

1X2 =

2a 2a

(-éf-{v@fiZZEf

2

4a
a b{—}az/+4ac
4qd®

C
a

$ - c -
Therefore, product of the roots of any quadratic equation is always equal to —, or in a more general sense,
a

constant coefficient

product of roots =

coefficient of x2

Sign of Roots

Based on the signs of the sum and the product of roots of a quadratic equation, we can comment on the sign of the
roots, that is, determine whether they are positive or negative. The following table illustrates the same:

Sum of Roots Product of Roots Sign of Roots
+ + Both roots are positive
= + Both roots are negative

The roots are of opposite signs and the numerically greater

+ = . .y
root is positive

The roots are of opposite signs and the numerically greater
root is negative

o



Solutions of Equations Reducible to Quadratic Form

Equations that are not quadratic in nature but can be reduced to quadratic forms by suitable transformations can also
be solved by using any of the preceding methods.

CASE I: ax* +bx*+c=0

This form can be reduced to a quadratic form by substituting x* =y . The equation becomes ay® +by +c=0. After
obtaining the values of y, the equation x* =y determines the values of x.
Example: Solve fory: 9y* —29y* +20=0
Solution: Substitute y? = x and simplify.
9y* —29y?+20=0
=9x*-29x+20=0
=9x? —9x-20x+20=0
=9x(x-1-20(x-1)=0
=(9x-20)(x-1)=0
20
=>x=—,1
9

V20

Therefore, the values of y are i-—?:— and £1. -

1
CASE II: a[x2 +F]+b(x+%)+c =0

2 2
. . . 1

For this type, we use the identity x2 +l2=(x+l) —2. The equation then becomes a[(x +l) —2}+b(x +—-J
X X X X

1
+c=0.Now put x +—=y toobtain the quadraticequation ay? +by +(c —2a) = 0 .Once the values of y are determined,
X

. 1 .
the equation x+;= y determines the values of x.

1
Example: Solve S(XZ +—2j +2(x+l) =137.
X X
2
Solution: The given equation can be rewritten as 8[[x + lj —2:|+2(x+lj =137.
X

X

1
Let x+—=y.
X

8{(“;]12}2(“;):137

= 8(y? -2)+2y =137
=8y*+2y-153=0
= 8y? +36y—34y—153=0
= 4y(2y +9)-17(2y +9)=0
= (2y+9)(4y-17)=0

917

2'4
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1 9
X+—=-2
X
X*+1_ 9

X 2
2x2+9x+2=0

_—9+.81-16 _—9++65

4 4

17

1 17
X+—=—

X 4
x2+1 17

23X 4

4x2 —17x+4=0
4x* —16x—x+4=0
(4x-1)(x—-4)=0

1

x=—,4
4
Therefore, the roots are 1,4, -9+65 snd —9-./65 '
4 4 4
2 1 1
CASEIIL: a(x +_)+b(x——)+c=0
X X

2 2
1 1
For this type, we use the identity x> +i2=(x—;) +2. The equation then becomes a[(x—;) +2]+b(x—l)
X X

+ c=0. Now, put x—l.z y to obtain the quadratic equation ay® + by +(c+2a)=0 and follow the same procedure as
b's

mentioned in case ll.

Example: Solve 6(x2 +l)—25(x—l)+12 =0.

x* X

2
1 1
Solution: The given equation can be rewritten as 6[(X —;) + 2]—25(x —;)H 2=0.

1
Let x——=Y.
X

6(y> +2)—25y +12=0

=6y’ —25y+24=0

=>6y>-9y—16y+24=0

=3y(2y—-3)-8(y-3)=0

=Qy-3)3y-8)=0
38

Sy==,—
Y 23
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3
For y==,
% 2

X
2x*-2=3x
2x?-3x-2=0
2x* —4x+x-2=0
(x+1)(x-2)=0

3x* -3=8x
3x*-8x-3=0
3x>-9x+x-3=0
(Bx+1N(x-3)=0

x=—13
3

1 1
Therefore, the roots are —5 s '—5 ,2and 3.

CASEIV: x** +x°+b=0 and x*+x™=b
1
In both the situations, put x° =y to get a quadratic equation in y, thatis, y>*+y+b=0 and y+;= b, respectively.
‘Example: Solve 32 +3™ =10.
Solution: The given equation can be rewritten as 32(3")+3lx =10.Let 3" =y.
1

3?(3*)+—=10

3X

1
=9y+—=10

y

=9y*—10y+1=0
=9y*—9y—y+1=0
=0y-N(y-1=0

:>y—l1
9l
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1
For y:a, 3* =3_2 =>X=-2,
For y=1,3"=3"=x=0.
Therefore, the roots are 0 and 2.

CASEV: (x+a)(x +b)(x +c)(x +d)+k=0

In thi ; :
hthls'case', club the linear pairs where the sum of the two constants is equal to the sum of the other two constants and
then simplify. Let us consider an example for better clarity.

Example: Solve (x +1)(x +3)(x + 4)(x +6)=280.
Solution: Since 1+6=7=3+4, we can rewrite the given equation as
[+ (x+6)][(x +3)(x + 4)]|=280 = (x*> +7x +6)(x* +7x +12) =280
Let x> +7x=y.
(X* +7x+6)(x> +7x +12) =280
= (y+6)(y+12)=280
= y*+18y—-208=0
=y’ +26y -8y —208=0
=(y+26)(y—8)=0

=>y=-26,8
‘Fory=-26,
x> +7x=-26
X +7x+26=0
X=—7i\/49_—m=—7i\/3
2 2

Since \/:E is not a real number, there will be no real values of x for y =-26.
For y=8,
x> +7x=8
x*+7x-8=0
x> +8x-x—-8=0
(x-N(x+8)=0
x=1-8
Therefore, the roots are 1 and 8.

&)

x> —5x =0 is not a quadratic equation as the constant term is 0.

MISCONCEPTION

FACT: x> —5x =0 is a quadratic equation asa=1=0. If either b=0 or ¢ =0 but not both, then the equation
qualifies as a quadratic equation.

W,




EXAMPLES '

1. Find the roots of 2x*> — x—3=0 by factorization method.
Solution: 2x>* —x—-3=0

@ Algebra

=2x*-3x42x-3=0
= x(2x-3)+12x-3)=0
=2x-3)(x+1)=0

3
=>x=—,-1
2 .

1Y 1
2. Solve S[X——) +2(x+—)=121.
X X

2 2 2
Solution: Recall the identity (x—lJ =(x+l) —4.Let x+l=y.Then (x—l) =y’ -4,
X x x

X
B(X—lJz +2(x+1J=121
X X
=8(y’-4)+2y—-121=0
=8y’ +2y—-153=0
=8y’ +36y—34y—153=0

=4y(2y+9)-17(2y+9)=0
=(2y+9)(4y-17)=0

__9w
2" 4
9 —
For y=——,
=73 -
1 9
Xt+—=—=
X 2 :
x2+1__9
X 2
2x2+9x+2=0
L 9%VB1-16 9265
4 TR
17
For y=—,
=3
1 17 .
X+—=—
x 4
X+1 17
X 4

4x2-17x+4=0 =
4x* —16x—x+4=0
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(4X—1)(X—4) =0

x=l,4
4

Therefore, the roots are %,4’ -9+4/65 snd —9-./65 .

2 )
3. Solve 2x3 — x3 =28.

1
Solution: Let x3 =y .

2 1
2)(3.-—X3 =28

=2y’ —y—-28=0
=2y’ -8y +7y—28=0
=(y—-4)2y+7)=0

7
= y —_—4,‘—5

1
Fory=4,x3=4=>x=4>=64.

Therefore, the roots are 64 and 24 .

x+1 34

+ ==

x+1 x 15°

4. Solve

Solution: Let —— = y.
x+1

X+X+1__i‘l
x+1 X 15

y 15

=15y> -34y+15=0
=15y* -9y -25y+15=0
=(3y-5)(5y-3)=0

Sy=i2
Y=3%
For 2
y 3’
X 3
x+1 3
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X+1 5
5x=3x+3

3
x==
2

Therefore, the roots are —g and E

5. Solve 4(x2 +l2)—(x+l)=60_
X X
1

2
1
Solution: The given equation can be rewritten as 4 (x + —) -2 —(x + -;] =60.
X

Let x+l=y.
X

1Y 1
| 4[(x+—) —2}—(X+—)=60
‘ X X
' =4(y*-2)-y=60
=4y’ —-y-68=0

=4y*-17y+16y-68=0
= (y+4)4y-17)=0

17
=>y=—4,—
4 4
For y=-4,
X+—=-4
X
2
X +1=_4
X

X+—=—

X
x2+1_£
X 4

4x* -17x+4=0
4x* -16X—x+4=0




introduction to Quadratic Equations @

(4x-1(x-4)=0

X=—4

al
4l
Therefore, the roots are -2 -3 s <2443, %, and 4.

6. Find the roots of the following quadratic equations by factorization method.
() x*-3x-10=10 (i) V2x? +7x+5J2=0
Solution: (i) x> —3x-10=10= x> -3x-20=0

Observe that —3 cannot be expressed as a sum or difference of two numbers such that their product is —20.
Therefore, the factorization method fails here.

(ii) V2x2+7x+542=0
—2x2 +2x+5x+542=0

:>\/5x(x+\/5)+5(x+~/§)=0
=>(X+\/E)(‘\/_2-X+5)=O

= X=—/2 ——5—
"2
7. Solve the following quadratic equations:
(i) 9x*+15x+10=0 (i) 4x*-20x+25=0 (iii) 4x*—7x—-15=0
Solution: (i) On comparing 9x? +15x +10 =0 with the standard form of quadratic equation, weget a=9, b=15,
and ¢=10.
. -b++b?—4ac
2a
_ —15+152 —4(9)(10)
2(9)
_ =15 +4/225-360
18
_ —15++/-135
18
_ =5%+/-15
6
Therefore, the roots are = _6‘_15 and —5+6—15 .

(i) 4x*-20x+25=0
= (2x)? =2(2X)(5)+(5)> =0
=(2x-5%=0
55
> X==,
2°2

Therefore, the roots are :'2;- and g—



(i) 4x* -7x-15=0

= 4x* -12x+5x-15=0
= 4x(x-3)+5(x-3)=0
= (x=3)(4x+5)=0

=>x=3,—E
4

Therefore, the roots are —% and 3.

(®)) RECALL
~—~

i

)

i

1. Quadratic equation is a polynomial equation of second degree which in general form is written as E
ax* +bx+c=0, wherea#0. . E

2. Aquadratic equation can be solved using the factorization method, the square root method, or the quadratic E
formula method. ;

I

-b++/b*-4ac S i

3. Foran equation ax®--bx+c=0, a0, the quadratic formula x B helps determine its two i
roots. a ‘

:

1

- v 4 - 1

4. Sum of roots of any quadratic equation = cosfficientof x = =5 :
coefficientofx* a !

1

. 1

5. Product of roots of any quadratic equation = constant coefﬁcn?nt =L E
coefficient of x a ;

6. The sign of roots of a quadratic equation can be determined by the signs of the sum and the product of the Ee
roots. i

1

7. Equationsthatare notquadraticin nature but can be reduced to a quadratic form by suitable transformations |
can be solved by the methods for solving quadratic equations. E

1

R i T i N B R AL P P C P NGy S I O ./}

5.
6.

VERY SHORT ANSWER QUESTIONS

DESCRIPTIVE QUESTIONS N

7. Solve the quadratic equation x* =3x.
What Is a quadratic expression? Give one example. 8. Solvei's?=4
What Is a quadratic equation? Give one example. ' '

What is the degree of a quadratic equation? method of your choice.

2 =
In the equation ax®+bx+c=0, what do the 10. Solve for x: 3(x? —4)=5x
letters a, b, and ¢ denote?

Name the methods of solving quadratic equations. equation.

. ! 45y =
Solve forx: X"+ 5x=0 12. Find the roots of 3x* +4x-7=0.

9. Solve the quadratic equation 7x* =8-10x by a

11. Give the formula to find the roots of a quadratic



13. Find the sum of the roots of x> —7x—-30=0.

14. Find the product of the roots of 2x> +7x—-9=0.

15. What can you say about the sign of roots if the
sum as well as the product of roots is positive?

SHORT ANSWER QUESTIONS

16. Solve the quadratic equation 2x? +0.3x —0.35
=0.

What are the steps followed to solve a quadratic
equation by the method of factorization?

17

18. Find the roots of 2x*> —x—3=0 by factorization
method

19. Explain the steps followed to solve a quadratic
equation by the square root method.

20. Solve forx: 2x2 +7x+3=0

21. Solve: 2x* +x—4=0

LONG ANSWER QUESTIONS

22. Solve 5x2 +12x+6=0 for x. Also, find the sum
and the product of roots.

23. Solve: (x+1)(x+5)(x+2)(x—-2)=13

24. How is the formula derived to find the solutions
of a quadratic equation?
x+1 10

25. Solve: L+——=—
X+1 X 3

:
26. Solve: S[X2 +—2)—8(x+l)=75
X X

27. Find the roots of the following quadratic
equations by factorization method.

(i) 3x*-7x—-6=0
(ii) 3x*-x-4J3=0

(iii) 2x2—x+%=0

Introduction to Quadratic Equations

IV. FILL INTHE BLANKS

28. A polynomial of degree is termed as a
quadratic polynomial or a quadratic expression.

29. An equation of the form ax*+bx+c=0,
where a=0 and a,b,ceR, is called a
equation.

30. The values of x for which the equation
ax*+bx+c=0 is satisfied are called the

of the quadratic equation.

31. A quadratic equation can have two roots which
are either or s

32. The method of solving quadratic
equation involves factoring the linear coefficient.

33. The roots of the equation ax’+bx+c=0 are
givenby .

34. For the quadratic equation ax®> +bx+c=0, the
sum of roots is

35. Product of roots of a quadratic equation is

36. If sum of roots is positive and product of roots is
negative, the roots are of opposite sign and the
numerically root is positive.

TRUE OR FALSE

37. In a quadratic equation ax®> +bx+c=0, a>0
and b=0,c#0.

38. The roots of the equation x*>+10x+25=0 are
5and -5.

39. The product of roots of 4x*> +3x+5=0 is i .
4

40. The sum of roots of 3x> —4x+10=0 is %

@
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Discriminant and Symmetric
_Functions of Roots

DISCRIMINANT OFA g SYMMETRIC
QUADRATIC EQUATION ) FUNCTIONS OFROOTS ’.‘
o > =\ r
e A0 : —>| Important Results ]
»| Real (rational/irrational), &
Distinct Roots r . :
ik ) Formulating a
3 , \ —»| Quadratic Equation
A=0 when Roots are Given
'kReaI, Repeated Roots | G
A<0 2]
» Imaglnary, Distinct

L Roots

DISCRIMINANT OF A QUADRATIC EQUATION

The sign of the roots of a quadratic equation can be determined by observing the signs of the sum and the product of
roots, but to determine the nature, that is, whether the roots are real or imaginary, the calculation of discriminant is a

requirement.
The discriminant of a quadratic equation ax® +bx +c=0, a#0, is the value b®> —4ac . It is denoted by A orD.
A=b*-4ac
For instance, the discriminant of the equation 5x* +x—7=0 is
A=b*—-4ac
=7 -4(5)(-7)
=14140
=141

Nature of Roots
Based on the value of the discriminant, the following three cases arise:

Casel: A>0



Discriminant and Symmetric Functions of Roots

If the discriminant is positive, then the roots are real and distinct. The roots can further be classified as
(i) rational, if A is a perfect square, and
(i) irrational, if A is not a perfect square.

Example: x2—x—6=0 has real and distinct roots as A =(-1)? —4(1)(-6)=25>0. Since A is a perfect square, the
roots can be further classified as rational. ‘

Key point

In case the roots are irrational, they are conjugates of one another. For instance, if one root is 5+4/3,
then the second root will be 5—+/3 .

Casell: A=0
If the discriminant is 0, then the roots are real and equal. They are called double roots or repeated roots and their value
. -b
isequalto —.
= 2a
Example: For the equation x* —10x +25=0, A=(~10)* -4(25)=0. So, the roots are real and equal, and their value
g —b _ —(=10)
2a 2

Caselll: A<O
If the discriminant is negative, then the roots are imaginary and distinct.

Example: For the equation x> +x+3=0, A=(1)> —4(3)=-11<0. So, the roots are imaginary and distinct.

V=1 isthe imaginary number j, called iota.
i=v-1
Example: ¥Y-11 can be written as JEx11=i1.

Example: For what value of p will the equation px* +8x—-2=0 have real roots?

Solution: Any quadratic equation has real roots if A>0. So, for px* +8x-2=0, the roots will be real when
b*-4ac>0
(8)’ —4(p)(-2)=0
64+8p=>0
8p = -64
p=-8
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Example: Determine the value(s) of k for which the equation 4x? —3kx+9=0 has equal roots?

Solution: Any quadratic equation has equal roots if A=0.So, for 4x? —3kx+9 =0, the roots will be equal when

b*—4ac=0
(=3k)* —4(4)(9)=0
9k*-144=0
k*=16
k=+4

SYMMETRIC FUNCTIONS OF ROOTS

Symmetric functions are those expressions that do not change in value on interchanging the variables in it. For
instance, the value of x+y remains same if x and y are interchanged, that is, y+x=x+y . Here, x+y is called a
symmetric function of xand y.

Similarly, if two roots of a quadratic equation are x, and x,, then the following functions are symmetric:
i xx, (ii) x,+x,

v el
(iii) —+— (iv) ——+-—2%
1 XZ XZ XT

It is also observed that the following functions are not symmetric:

i x-x

Key points.

° X,+Xx, and x,x, are called elementary symmetric functions of the roots x, and x,.

o |x,—x,| isalsoa symmetric function of the roots as %= %, | =%, = x,] .

Some Important Results

For two roots a and S, the following results hold true.
i) o +p=(a+p) -20p

(i) o*-B=(a+pB)a-p)

(i) o’ +p°=(a+p) -3a8(a+p)

(iv) o -pB°=(a-p)+3apa-p)

(V) a*+p* =(a+p) —4ap(a’ +p*)-6(ap)

wi) o'~ =(a-pla+p)(a+pr-208]

wil) o +p° =(a+p) -5aB(a’ +B*)-10(aB) (a+ p)
B_tesp

a of

(ix) o —B|=+/la+p) -40p

wiii) 2+
B
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@ 3 MlSCONCEPTION

\
If a quadratic equation has irrational roots, then they do not occur in conjugate pairs.
FACT: If a quadratic equation has irrational roots, then they always occur in conjugate pairs, that is, if one root
is a++/b , then the other root will be a—+b .
. Example: In a quadratic equation x*> —10x—11=0, one root is 5-+/3 and the otheris 5+4/3. y
S

Formulating a Quadratic Equation when Roots are Given

A quadratic equation whose roots are o and B is of the form x* —(a + B)x +afB =0, that is, x* — (sum of roots) x
+ (product of roots) = 0.

Exainple: Find the quadratic equation whose roots are %2 and % .

-2 1
Solution: Let a =5 and B = 3 .Then the equation is given by x> —(a + B)x+af3=0.

=2 *1 =5

= —=—

atP==5+70
2 1 -
=—X—=—
RS TETg

1
x* (o +ﬂ)x+aﬂ=0:>x2+—5—x—g=0:12x2+5x—2=0

Example: Find the quadratic equation whose one root is 3+ 5.

\

Solution: If one root of a quadratic equation is 3 ++/5 , then the other root is 3—+/5 as irrational roots always occur
in pairs.

.. Sum of roots =3+J§+3—J§=6
Product of roots =(3+J§)(3—J§)=9—5=4

Hence, the quadratic equation is x* = (sum of Yroots) X + (product of roots) =0 = x> -6x+4=0.

A new quadratic equation can always be formed by applying specific operations on the roots of a given quadratic

equation. If o and B are the roots of ax® +bx+c=0, then let us see what the roots and the quadratic equations are in
the following scenarios:

If the Roots are New Roots ' New Equation
p more than cand f8 a+p, p+p a(x—p)* +b(x—-p)+c=0
p less than aand B a-p,B-p a(x+p)2+b(x+p)+c=0-
. 2 X
ptimes aand 8 pa, pp a[ﬁj +b(—)+c=0
p p
s a f
— times aand 8 ;, ; a(px)* +b(px)+c=0
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£2] {3

=’ +bx+a=0

reciprocals of a and 3

Q=

|-

a(-x)* +b(=x)+c=0
=ax’-bx+c=0
a(x/;)z +b(«/;)+c=0
=ax+bJx+c=0
a(if;)z +b(if)?)+c=0

2 1
=ax3+bx3+c=0

negatives of aand 8 —-a and -8

squares of cand 3 a? and B?

cubes of aand o® and B°

MISCONCEPTION

If A=0,the roots of the quadratic equation ax* +bx +c =0 are always zero.

FACT: If A =0, the quadratic expression ax’ +bx +¢ is a perfect square and the equation has repeated roots

- -b
with value equal to ol

EXAMPLES )

1. If aand Bare the roots of 6x*> +7x—10=0, then find the value of l+l )
a

Solution: Since ccand f are the roots of 6x> +7x-10=0, we get

7
a+pf=——
P 6
-10 -5
=5 =3
5/
1,1 Bte_6_7 -
a B af S 10
3
2. Determine the nature of the roots of the following equations:
(i) 15x* —28=x (ii) 25x* +30x+7=0 (iii) 2x*> +0.3x-0.35=0

Solution: (i) 15x2 -28=x=15x* —x-28=0
Here, a=15, b=-1,and c=-28.
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D=b*-4ac
=(-1)* - 4(15)(-28)
=1681>0
Therefore, the roots are real and distinct. Since 1681=(41)?, the roots can be further classified as rational.
(i) 25x*>+30x+7=0
Here, a=25, b=30,and c=7.
D=b*-4ac
=(30)* - 4(25)(7)
=900-700
=200>0

Therefore, the roots are real and distinct. Since D is not a perfect square, the roots can be further classified as
irrational.

(i) 2x* +0.3x-0.35=0
‘Here, a=2, b=0.3,and c=-0.35.
D=b*-4ac

=(0.3)* —4(2)(-0.35)

=0.09+2.8

=2.89>0
Therefore, the roots are real and distinct. Since 2.89 =(1.7)?, the roots can be further classified as rational.

3. Find the quadratic equation whose one root is 1-+/3 . v

Solution: Since irrational roots always occur in pairs, the second root becomes 1+ V3.

.. Sum of roots =1—\/§+1+\/§=2

Product of roots =(1—J§)(1+J§) =1-3=-2
Hence, the quadratic equation is x* — (sum of roots) x + (product of roots) =0 = x?-2x-2=0.
4. Find the quadratic equation whose roots are -_5—3 and % ?

Solution: Let a = :5?1 and =% .Then the equation is given by x> —(a + B)x+af =0.

-3 4 1
a+f=—+—==
F 5 5
-3 4 -12

a =—X— = —
& 5 5 5

x> —(a +ﬂ)x+aﬁ=0=>x2—%X—Jz%=0=>25x2—5x—12=0

5. Find the quadratic equation whose one rootis 7 + NTH
Solution: Since irrational roots always occur in pairs, the second root becomes 7-+/11.
. Sum of roots =7+~11+7-/11=14

Product of roots =(7+\/ﬁ)(7—\/ﬁ)=49—1 1=38

Hence, the quadratic equation is x2 — (sum of roots) x + (product of roots) =0 = x> —14x +38=0.



Algebra

6.
If a = b, then what can you say about the roots of z(a2 +b? )x2 +2(a+b)x+1=07

Solution: Here, a' = 2(02 s bz) B=aib), and o7
D=b"-4q'c'
=4(a+b)* - 8(a2 +b2 )(1)
=44’ +4b? + 8ab—8qa? — 8b?
=8ab-4a* —4b?
=—4(a* +b? —2ab)
=—4(a-b)?
Zilntc.e at¢ b, (a—b)* will always give a positive value and so, —4(a—b)? <0 . Therefore, the roots are imaginary and
istinct.

7. If @ and B aretheroots of x*+x+1=0, then find the value of +§.

=R

Solution: Since a and B are the roots of x> +x+1=0, we get
1

a+f=—=-1
p 1

1
a =—=
P 1

g+£=(a+ﬂ)2 _2=(_1)2_
B o off 1

2=-1

(@) ) RECALL

The discriminant, denoted by A or D, of a quadratic equafion ax’ +bx+c=0, a#0,is the value b* —4ac .

2. For A>0, the roots are real (rational when A is a perfect square, irrational when A is not a perfect square)
and distinct. ’

3. For A=0,the roots are real and repeated with value equal to ;—2—.

For A <0, the roots are imaginary and distinct.

A symmetric function of roots a and S is an expression whose value remains unchanged when o and B are
interchanged.

6. o+ and af are called elementary symmetric functions of the roots aand B.

A quadratic equation whose roots are ocand Sis of the form x* —(a + B)x+af =0, thatis, x2— (sum of roots)
x + (product of roots) = 0.

8. A new quadratic equation can always be formed by applying specific operations on the roots of a given
quadratic equation.
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1. Define discriminant.

2. What does the discriminant of a quadratic
equation tell us about?

3. If A<0,then comment on the nature of roots.

4. If A=0,then comment on the nature of roots.
If one root of a quadratic equation is /m ++/n,
then what can you infer about the second root?

6. Without solving, examine the nature of roots of
the following equations:

(i) 2x*+2x+3=0 (i) 2x*-7x+3=0

7. Comment on the nature of roots of the following
equations:

(i) x*-5x-2=0 (ii) 4x*-4x+1=0

8. Whatdo you understand by symmetric functions
of roots?

9. If a quadratic equation has roots which are
reciprocals of o and S, then write down its
general form.

10. If a quadratic equation has roots which are p
less than « and B, then write down its roots and
general form.

SHORT ANSWER QUESTIONS

11. If « and B are the roots of x> +x+2=0, then
find the value of &+ 2.

p «

12. Discuss about the nature of roots when A>0.

13. For what value of m will the equation 9x* +11x
—m=0 have imaginary roots?

14. Find the discriminant of the equation x*-x
—6=0.Are the roots equal?

15. Determine the value(s) of t for which the
equation 7x> —8tx+3=0 has equal roots?

16. If a and B are the roots of the equation px* +qx
+r=0,then what s the value of o + f’a ?

17. Find the quadratic equation whose one root is

10-+5.

- Discriminant and Symmetric Functions of Roots

DESCRIPTIVE QUESTIONS

VERY SHORT ANSWER QUESTIONS

V.

18.

19.

20.

If a+pB=5 and off =%, then find the value of
o - B '

If the roots of an equation are 9 more than the
roots of x> —2x—8=0, then find the equation.
If the roots of an equation are cubes of the roots
of x> =5x+6=0, then find the equation.

LONG ANSWER QUESTIONS

21.

22.

23.

24,

If -5 is one of the roots of 2x* +2px—15=0 and
the equation p(x2 +x)+k =0 has equal roots,
then find the value of k.

Find the discriminant and comment on the
nature of the roots of the following equations:

(i) x*—/6x+9=0
(iii) 13x*+x+100=0

(ii)) 3x*=5x-1=0
(iv) x*=12x+36=0

If a, B are the roots of the equations x* - px
+ g = 0 and a>0, B> 0, then find the values of

1 1
i) °+p (i) o®+p*
If o, B are the roots of x*> —10x+25, then find
the values of

1 1
(i) —+—
aZ 2

i) a*+p°

FILL IN THE BLANKS

25.

26.

27.

28.

29,

The roots of a quadratic equation are real and
distinct if

For the roots of a quadratic equation
are real and equal.

a+p and af are called
functions of the roots & and .

symmetric

The roots are rational if a, b, ¢ are rational and D
isa

If the roots of a quadratic equation are
times the roots of ax*+bx+c=0, then the
equation is a(px)? +b(px)+c=0.

30. If one root of a quadratic equation is a++b,

then the other root is

©



V. TRUE OR FALSE

31. If A=0 , the quadratic expression ax* +bx+c
is a perfect square.

32. If A<Oanda,b,ceR ,thentherootsare complex
and distinct.

33. The formula of discriminantis A=b? +4ac .

34, &’ + B =(a+p) -2a8

35. A quadratic equation whose roots are a and B is
of the form x> —(a + B)x—af =0.

36. o’ + B’ =(a+pB) +3af(a+pB)

37. A symmetric function is an expression
whose value changes when the variables are
interchanged.

& f_a+p

38. 'F"‘ o B



Remainder and Factor Theorem

Remainder and Factor Theorem

| OPERATIONS

|

Remainder Theorem : : e Factor Theorem )
Let p(x) be a polynomial of degree R | Letp(x) be a polynomial of degree
greater than or equal to one and : L | greater than or equal to one and let a
let a be any real number. : ‘ be any real number.
If p(x) is divided by the linear : : e LThen x —ais a factor of p(x) iff p(a) = 0. |
polynomial x — g, then the :
L remainder is p(a). )

129

INTRODUCTION

Factors of a polynomial are usually determined by the methods of long division, synthetic division, or other methods
of factoring. Using the remainder theorem or the factor theorem for this purpose proves useful and even handy.
These theorems allow us to evaluate a polynomial at a given number which later helps in determining the remainder
of the polynomial after general division or even determine a factor of that polynomial. Hence, we can say that the
remainder theorem and the factor theorem provide efficient avenues for testing whether certain numbers are roots of
polynomials or not, even though these theorems are somewhat trial-and-error methods.

General Division

When a natural number n is divided by another natural number m, where m <n, the remainder is either 0 or a natural
numberr<m.

Example: When 27 is divided by 12, it leaves a remainder 3. Here, 27 can be written as 27 =(12x2)+3.
. Dividend = (Divisor x Quotient) + Remainder

We now extend this method to division of a non-zero polynomial p(x) by another non-zero polynomial g(x), where
degree of g(x) < degree of p(x).We can find polynomials g(x) and r(x) such that p(x)=g(x)xq(x)+r(x), where
r(x)=0 or degree of r(x) < degree of g(x).

Here, p(x) is the dividend, g(x) is the divisor, g(x) is the quotient, and r(x) is the remainder.

Division of a Polynomial by Another Polynomial

Following are the steps for carrying out the mentioned division:

Step 1: Arrange the terms of the dividend and the divisor in descending order of their degrees.

Step 2: Divide the first term of the dividend by the first term of the divisor to obtain the first term of the quotient.
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Step 3: Multiply all the terms of the divisor by the first term of the quotient and subtract the result from the dividend.

Step 4: Consider the remainder as the new dividend and follow steps 2 and 3 again.

Step 5: Repeat this process till we obtain a remainder which is either 0 or a polynomial of degree less than that of the
divisor.

For instance, let us divide x*> +5x—6 by x+5.

X

x+55x2+5x—6

X2 +5x
(=)=)
-6

Since degree of —6 < degree of x+5, we stop here. So, x*> +5x—6 can be written as x(x+5)—6.

REMAINDER THEOREM

Let p(x) be any polynomial of degree greater than or equal to 1 and let a be any real number. If p(x) is divided by the
linear polynomial x —a, then the remainderis p(a).

Proof: Let p(x) be a polynomial of degree greater than or equal to 1 and let a be a real number.

Suppose that when p(x) is divided by x—a, the quotient is g(x) and .the remainder is r(x), that is,
p(x)=(x—a)g(x)+r(x).

Since degree of x—a is 1 and degree of remainder is always less than the degree of divisor, degree of r(x) will be 0.
This means that r(x) is a constant, say r.

p(x)=(x—a)g(x)+r
If x = a, then the above equation becomes p(a) =(a—a)q(a)+r = p(a)=r and this proves the theorem.

Following is a table that lists the general form of some divisions and their respective remainders when the dividend is

f(x)_
 Divisor " Remainder
X—a f(a)
X+a f(-a)
b
ax+b f(——)
a
b
ax-b f [—)
a
X f(x)

Example: Divide p(x)=x+3x>—1by g(x)=1+x.
Solution: Let us first rewrite p(x) and g(x) as p(x)=3x*+x-1and g(x)=x+1.
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3x-2
x+1bx2+x—1

3x*+3x

(=)(-)

—-2x-1
—-2x-2

(+) ()

1

q(x)=3x-2and r(x)=1
Hence, p(x)=g(x)xq(x)+r(x) =3x* +x-1=(x+1)(3x -2)+1.

Example: Divide the polynomial 3x* —4x*> -3x -1 by x-1.
Solution: Let p(x)=3x* —4x>-3x—-1and g(x)=x-1.
3Ix) —x*-x—-4
x-1)3x“ —4x*  —3x-1
3x* -3x°
(=)(+)

—-x3-0x?

-x*+x?
=)
-x?-3x
-x*+x
) (=)
—-4x-1
—-4x+4
+) (=)
-5
3x* —4x> =3x-1=(x-1)(3x* —x* = x—-4)-5
Here, the remainder is -5. Let us check if the remainder theorem is satisfied or not.
Put x=1in p(x) and simplify.
p(1)=3(1)* —4(1° -3(1)-1
=3-4-3-1
=-5 which is the remainder

Hence, remainder theorem is satisfied.

Example: Find the remainder obtained on dividing p(x) = x*+1 by x+1.
Solution: By the remainder theorem, the remainder will be p(-1).
p(=1)=(=1)’ +1==1+1=0

So, without the actual long division, we easily determined the remainder in one single substitution and simplification.



Horner’s Method of Synthetic Division

If F(x)=x*-3x*+5x—9 is divided by g(x)=x—4, the remainder obtained is f(4)=4°-3(4)’ +5(4)-9=64-48
+20-9=84-57=27.

This remainder can be determined by another method of writing numerical coefficients of f(x) in descending order,
as shown in the figure. The divisor 4 is written in the leftmost column and the coefficients of the quadratic equation
are written in the first row. Then, the first coefficient is written in the last row, multiplied by 4 and subtracted from the
next coefficient. The result is then written in the last row, multiplied by 4 and subtracted from the next coefficient. This
process continues till the last value obtained in the last row is the remainder.

4 1 -3 5 -9
0 4 4 36
1 1 9 27 — Remainder

This method of division of polynomials is called Horner’s Method of Synthetic Division.

FACTORTHEOREM

Let f(x) be a polynomial of degree greater than or equal to 1 and let a be any real number. Then, x —a is a factor of
f(x) if f(a)=0,or f(a)=0 if x—a isafactorof f(x).In simpler terms, the factor theorem states that for a polynomial
f(x) of degree greater than or equal to 1, x—a is a factor of f(x) iff (read as if and only if) f(a)=0, where a is any
real number.

Examples:
(i) (x+ a)is a factor of a polynomial p(x) if p(—a) = 0 and vice versa.

(ii) (ax - b) is a factor of a polynomial p(x) if p(éj =0 and vice versa.
a
(iii) (ax + b) is a factor of a polynomial p(x) if p(—gj =0 and vice versa.
a

(iv) (x—a)(x— b) is a factor of a polynomial p(x) if p(a) = 0 and p(b) = 0, and vice versa.

. Keypoint
The term iff is used to denote forward implication as well as backward implication in one statement.

For instance, “if p then g" and “if q then p” can be written in one statement as “p iff g"

How to Use Factor Theorem
The following steps are followed to find the factors of a polynomial using factor theorem:

(i) Checkif fi—c) =0.If yes, then (x + ¢) is a factor of the polynomial f(x).
(ii) Checkif f[ij =0.If yes, then (cx — d) is a factor of the polynomial f(x).
c

(i) Checkif f(—ij =0. If yes, then (cx + d) is a factor of the polynomial f(x).
c

(iv) Check if f(c) = 0 and f(d) = 0. If yes, then (x — c)(x — d) is a factor of the polynomial f(x).

Example: Show that (x —1) is a factor of the polynomial x* +2x* +2x-5.
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Solution: Let f(x)= x> +2x? +2x —5.Then, by factor theorem, (x —1) is a factor of f(x) if f(1)=0.
f()=() +201 +2(1)-5 '
=1+2+2-5
=0
Hence, it is proved that (x —1) is a factor of the polynomial x* +2x* +2x-5.
Example: Find the value of a if (x + a) is a factor of X’ +ax* —4x+a+5 .
Solution: Since (x + a) is a factor of f(x)= x> +ax> —4x+a+5, by factor theorem f(-a)=0.
f(-a)=(-a)’ +a(-a)* —4(-a)+a+5
0=-a’+a’+4a+a+5
a=1

Hence, the value of ais 1.

@ MISCONCEPTION - | .

The remainder as well as the factor theorem link the remainder of division by a binomial to the value of the
function at a point.

FACT: Basically, the remainder theorem links the remainder of division by a binomial to the value of the
function at a point, whereas the factor theorem links the factors of a polynomial to its zeros.

W

EXAMPLES"",D'Q

1. Without actual division, find the remainder when x* + x*> —2x* + x +1 is divided by x - 1.
Solution: Let p(x) = x* + x> - 2x* + x + 1. Then, by remainder theorem, p(-1) will be the remainder.
p()=* +(1)° =20 +(1)+1
=14+1-24+1+1
=2
Hence, the remainder is 2 when x* + x*> —2x* + x +1 is divided by x - 1.
2. Find the remainder when 4x° —3x? +2x—4 is divided by x + 1.
Solution: Let f(x)=4x> —3x* +2x —4.Then, by remainder theorem, f(-1) will be the remainder.
f(x)=4(=17 =3(=1 +2(-1)-4
=—4-3-2-4
=-13

Hence, the remainder is —13 when 4x* —3x* +2x—4 is divided by x + 1.

3. Whatis the remainder when x* +3x* +3x+1 is divided by 5+2x.

5
Solution: Let p(x)= x> +3x* +3x+1.Then by remainder theorem, P(—Ej will be the remainder.
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125 75 15

8 4 2
== 2L
8

27
Hence, the remainder is = when x* +3x? +3x+1 is divided by 5+2x.

4. Forwhat value of kis 2x* +kx ++2 exactly divisible by x—1?
Solution: Let p(x)=2x> +kx + V2 . Since p(x) is exactly divisible by x—1, p(1)=0 by the factor theorem.

p(1) =20 +k()++2
0=2+k+\5
k=—(2+\/5)

Hence, 2x* +kx ++/2 is exactly divisible by x—1 for k= —(2+~/5) ]
5. If ax> +bx*+x—6 has x+2 as afactor and leaves remainder 4 when divided by x -2, then find the values of a
and b.
Solution: Let p(x)=ax’ +bx*+x—6.Since x+2 is afactor of p(x), p(=2)=0 by the factor theorem.
p(-2)=a(-2)’ +b(-2)* +(-2)-6
0=-8a+4b-2-6
8a=4b-8
ast2
2
It is given that p(x) leaves remainder 4 when x—2.So, the remainderis p(2) by the remainder theorem.
p(2)=a(2)’ +b(2)* +(2)-6
4=8a+4b+2-6
8a+4b=8
2a+b=2

b-2+b=2 ['.'a=E:|

2b=4
b=2

b-2 2-2
Therefore, the value of a is —2— =-2—= 0 and the value of b is 2.

6. If x*—1 isafactorof ax* +bx® +cx? +dx+e, then show that a+c+e=b+d=0.
Solution: Let p(x)=ax* +bx* + o +dx +e.
Since x® —1 is a factor of p(x), this means that x> —1=(x +1)(x—1) is also a factor of p(x).

So, by factor theorem, p(1)=0 and p(-1)=0.
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p(M=a(* +b(1) +c)* +d(N)+e
O=a+b+c+d+e
p(=N=a(=10* +b(=1) + c(-1)> +d(-1) +e
O=a-b+c-d+e
On adding the two equations, we get 2(a+c+e)=0=> a+c+e =0 and on subtracting the two equations, we get
2(b+d)=0=>b+d=0.
Hence, we can conclude that a+c+e=b+d=0.

7. Ifthe polynomials 2x* +ax* +3x—5 and x> + x> —2x+a leave the same remainder when divided by x -2, find
the value of a. Also, find the remainder in each case.

Solution: Let f(x)=2x>+ax?+3x—5 and g(xX)=x* +x*-2x+a.
By the remainder theorem, when f(x) and g(x) are divided by X —2, the remainder obtained are f(2) and 9(2),
respectively.
Since both the remainders are same, f(2)=g(2).
f(2)=g(2)
202 +a(2)* +3(2)-5=(2)’ +(2)* -2(2) +a
16+4a+6—-5=8+4—-4+a
3a=-9
a=-3

Hence, the value of ais —3 and the remainder in each caseis 17 +4(-3)=17-12=5.

(@) ) RECALL

1. When a natural number n is divided by a natural number m, where m<n, then the remainder is either 0 or
a natural number r<m.

Dividend = (Divisor x Quotient) + Remainder
Remainder Theorem: Let p(x) be any polynomial of degree greater than or equal to 1 and let a be any real
number. If p(x) is divided by the linear polynomial x —a , then the remainder is p(a) .

4. Horner's Method of Synthetic Division is another method of determining the remainder of division of a
polynomial by a binomial.

5. Factor Theorem: For a polynomial f(x) of degree greater than or equal to 1, x—a is a factor of f(x) iff
f(a)=0,where ais any real number.

DESCRIPTIVE QUESTIONS

I. VERY SHORT ANSWER QUESTIONS 4, If 2is aroot of k- iix® £l +13x+2, then
1. State remainder theorem. what is the value of k?
2. State factor theorem. 5. Show that f(x)=x?+x*-5x+3 is divisible by

3. Find the zero of the polynomial 3x+2. X+3.
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6. Checkif x+3 and x —2 arefactorsof x> + x —6.

7. Using Factor theorem, check if x +1 is a factor of
x*—3x-4.

SHORT ANSWER QUESTIONS

8. Find the remainder
2x3=5x2+6x—-12.

when x-4 divides

9. Divide X’—6x*+9x+3 by x-2. Find the
quotient and the remainder.

10. Divide 3x*> —6x*+13x+60 by x+2. Find the
quotient and the remainder.

11. Divide 4x> =12x* +11x =5 by 2x—1.

12. Find the remainder when 2x*> —5x>+9x-8 s
divided by x —3. Use remainder theorem.

13. Find the remainder when 3x* —-6x*-8x+2 is
divided by x+2.

14. What is the remainder when 2x*-5x*+3x’
—2x+9 isdivided by 3x-27?

15. The polynomials p(x)=3x*-5x+12 and
g(x)=4x*+ax—15 leave the same remainder
when divided by x—2.Find a.

LONG ANSWER QUESTIONS

16. Give the proof of remainder theorem.

17. Find the remainder when f(x)=x’+x*+x+6
is divided by x —2 using long division method.
Verify the remainder by using a suitable theorem.

18. Find all the factors of x* +13x? +32x+20.

FILL IN THE BLANKS

19. The remainder is when 2x*-=5x—1is
divided by x—3.

20. is a factor of x> —3x—4.

21. The remainder obtained when 3x> —5x+6 is
divided by x -2 is '

22. If =4 is a root of x*+ax®—19x>—46x+120,
then the value of a is

TRUE OR FALSE

23. The remainder is 425 when 5x*>+3x-7 is
divided by x+9.

The remainder obtained when 2x>-3x+5 is
divided by 2x—1is 4.

24,

The remainder obtained when 3x*>+6x—4 is
divided by 5x +2 is =5.92.

25.

26. x—3 isafactorof 2x*> —x* —21x+18.

27. x—1isafactorof 6x> +5x> —2x—1.
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FZ Sum oftermj
[ H Product oftermj

: L(x,y,Z) _ (zx,y) i (y,zx) /

(137

INTRODUCTION

Recall that an algebraic expression is a combination of variables and constants using one or more mathematical
operations. So far, we have studied about operations on algebraic expressions in general and their classification
into monomials, binomials, trinomials, etc. In this chapter, we will study about another classification of algebraic
expressions, based on the type of their terms and the nature of the expression when its variables are interchanged.

Homogeneous Expression
A homogeneous expression is an algebraic expression in which all the terms are of the same degree.

Examples:
(i) Consider ax’ +2hxy +by?. Observe that
ax® — degree 2
2hxy — degree 2
by?> — degree 2

Therefore, ax* +2hxy +by? is a homogeneous expression.
(ii) In ax® + bx*’y+ cx’y , observe that

ax* — degree 4
bx*y — degree 4
cx*y — degree

So, ax* +2hxy +by? is not a homogeneous expression.
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A homogeneous expression is said to be complete if it contains all the possible terms in it.

. 2 2 . . P . sy
For instance, ax” +by* is a homogeneous expression but it is not complete as the xy term is missing here, whereas
3 2 2 3 . .
ax® +bx"y +cxy” +dy” is a complete homogeneous expression.

The standard form of some of the trivial complete homogeneous expressions is given in the following table:

Degree Number of Variables General Form
1 2 ax + by
2 2 ax® +bxy +cy?
1 3 ax +by +cz
2 3 2 2 2
ax? +by? +cz* +dxy +eyz +fzx

Properties of Homogeneous Expressions

(i) The sum and difference of two homogeneous expressions need not be homogeneous. For instance, ax +by and
ax* +bxy +cy® are homogeneous expressions but their sum ax? +bxy + ¢y’ +ax +by is not homogeneous.

(ii) The product and quotient of two homogeneous expressions is also a homogeneous expression. The degree of the
product is equal tc the sum of the degrees of the expressions in the product.

Symmetric Expression

An algebraic expression in two variables is said to be symmetric if its value remains unchanged when the variables are
interchanged.

For instance, if x and y are interchanged in ax +b+cy, the value of the expression remains unchanged. Hence, it is a
symmetric expression. Similarly, ax® +bxy +ay* + cx +cy +d is also a symmetric expression.

In general, an expression f(x,y) is said to be symmetric if f(x,y)=f(y,x). In case we have an expression in three
variables, say f(x,y,z),then it is said to be symmetricin xand y if f(x,y,z)=f(y,x,2).

. Key .p'.'dlintﬂf.

An expression f(x,y,z) is said to be absolutely symmetric if f(x,y,z) is symmetric in x-y, y-z, and z-x.

Example: Is f(x,y,z)=ax? +2bxyz +ay* + cz symmetricin xand y? Is f(x,y,z) absolutely symmetric?
Solution: Observe that f(y,x,z)=ay” + 2byxz +ax* +cz=f(x,y,2) . So, f(x,y.2) is symmetricin x and y.
Let us now check if f(x,y,z) is symmetricin yand z.

f(x,z,y)=ax* +2bxzy +az* +cy #f(x,y,2z)

Therefore, f(x,y,z) is not absolutely symmetric.

Key point
The sum, difference, product, and quotient of two symmetric expressions is also a symmetric
expression.
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Properties of Symmetric Expressions

To check how symmetric expressions behave under mathematical operations, let us consider an example. Let 3x+3y
and 2x+2y be two symmetric expressions.

() 3x+3y+2x+2y=5x+5y (Sumis symmetric)
(i) (3x+3y)-(2x+ 2y)=x+y (Difference is symmetric)

(i) (3x +3y) (2x +2y) =6x* +12xy + 6)> (Product is symmetric)
6x*+12xy +6y>
3x+3y

(iv)

=2x+2y (Quotient is symmetric)

CYCLIC EXPRESSION

An algebraic expression f(x,y,z) is saidtobea cyclicif f(x,y,z)=f(z,x,y)=f(y,z,x) .Forinstance, x+y +2 isa cyclic
expression.
Example:Is f(x,y,z)=x*(y —2)+y*(z—x)+ 2> (x — y) absolutely symmetric?Is f(x,y,z) cyclic?

Solution: Observe that f(y,x,z)=y*(x—2)+ x*(z—y)+ 2> (y — X) #f(x,y,2). So, f(x,y.,2) is not absolutely symmetric.
Let us now checkif f(x,y,z) is cyclic or not.

f(x,y,2)=x*(y=2)+y* (z=x)+ 2 (x - y)
f(z,x,y) =22 (x—y)+x}(y=2)+ y*(z—x)
f(y,z,x) =y (z—x)+ 2 (x—y)+ x*(y - 2)

Since f(x,y,z)=1f(z,x,y)=f(y,z,x), f(x,y,z) is a cyclic expression.

For ease of representation, the symbols ¥ (read as sigma) and IT (read as capital pi) are used to write cyclic expressions.
(i) Sigma: X is a Greek alphabet, used mainly to represent sum of terms.
(ii) Capital Pi: IT is also a Greek alphabet, used mainly to represent product of terms.

For instance, if a cyclic expression is given as x(y +z)+ y(z+ X)+ z(x + y), then it can be written as z x(y +2), thatis,
> x(y+2)=x(y +2)+ y(z+x)+2(x+y). o

XYz

Similarly, if a cyclic expression is given as (a* +b?)(b* +c?)(c? +a?), then it can be written as 1:[(“2 +b2), that is,
H(az+b2)=(az+b2)(b2+c2)(c2+az). >

ab,c

Examples

(i) Z(a+1)(a+2)(b—c)=(a+1)(a+2)(b—c)+(b+1)(b+2)(c—a)+(c+1)(c+2)(a—b)

ab,c

(i) Y (a+1)*®? —cA)=(a+0} (B> =)+ (b+13(c* —a*) +(c+1)*(a* - b?)

ab,c

(iii) H(a+b+c)=(a+b+c)(c+a+b)(b+c+a)=(a+b+c)3

ab.c

(iv) Ha(b +c¢)=abc(b+c)(c+a)a+b)

abc

®.
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Key point

The factors of ? cyclic expression are also cyclic, that is, if x—y is a factor of a cyclic expression
f(x,y,2), then its other two factors willbe y—z and z—x .

-

Factorization of a Cyclic Expression

Factorization of cyclic expressions makes use of the factor theorem, as illustrated in the following examples:
Example: Factorize a’(b—c)+b*(c—a)+c2(a-b).
Solution: Let us assume that a*(b—c)+b*(c—a)+c*(a-b) is an expression in variable a. Then, we can write
fla)=a*(b-c)+b*(c—a)+c*(a—b).
Put a=b and simplify.

f(b)=b*(b—c)+b*(c—b)+c*(b-b)=0

Therefore, by the factor theorem, a—b is a factor of a*(b—c)+b*(c—a)+c*(a—b).

Observe that a*(b—c)+b*(c—a)+c*(a—b) is a cyclic expression and so, its factors will also be cyclic. Hence, the other
two factorsare b—c and c—a.

The final step in this factorization is determining the constant k such that
a’(b—c)+b*(c—a)+c*(a—b)=k(a—b)(b—c)c—a)
Since the above equation is an equality, we can assign specific values to a, b, and c to determine the value of k.
Let a=0, b=1,and c=2.
a’(b-c)+b*(c-a)+c*(a-b)=k(a-b)(b-c)c—a)
0°(1-2)+1*(2—-0)+2%(0—1)=k(0—1)(1-2)(2-0)
2—-4=2k
k=-1
a*(b-c)+b*(c—a)+c*(a-b)=—(a-b)(b-c)(c—a).

Example: Factorize a*(b—c)+b*(c—a)+c*(a-b).

Solution: Let us assume that a’(b—c)+b’(c—a)+c*(a—b) is an expression in variable a. Then, we can write
fla)=a’(b-c)+b*(c—a)+c*(a-b).

Put a=b and simplify. _
f(b)=b*(b-c)+b*(c-b)+c*(b-b)=0

Therefore, by the factor theorem, a—b is a factor of a’*(b—c)+b*(c—a)+c*(a-b).

Observe that a*(b—c)+b*(c—a)+c*(a—b) is a cyclic expression and so, its factors will also be cyclic. Hence, the other
two factorsare b—c and c—a.

Since the product (a—b)(b—c)(c —a) is of degree three and a*(b —c)+b*(c —a)+c*(a—b) is a degree four expression,

the linear cyclic factor (a+b+c) must be multiplied with (a—b)(b—c)(c-a).

The final step in this factorization is determining the constant k such that
a*(b-c)+b*(c—a)+c*(a-b)=k(a-b)b-c)(c—a)a+b+c)

Since the above equation is an equality, we can assign specific values to g, b, and c to determine the value of k.

Let a=0, b=-1,and c=2.
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a’(b-c)+b*(c-a)+c2(a-b)=k(a—b)(b-c)c—-a)a+b+c)
0%(=1-2)+(=1%*(2-0)+2*(0+1) = k(0 +1)(-1-2)(2-0)(0 - 1+2)
2+4=-6k
k=-1

a(b-c)+b(c—a)+c*(a-b)=-1a-b)b-c)c—a)a+b+c).

Principle of Indeterminate Coefficients: It states that if two polynomials in one variable having the -
same degree are equal, then the coefficients of like powers in the two polyng’miagls are individually

For instance, if ax? +bx+c=px2 +qx+r,then a=p, b=q,and c%r L L

facT: [1(x* -y?)=(x*-y*)(y* -2*)(z* - x*)

X.y.Z )

EXAMPLES |

1. Differentiate between the symbols £ and IT used to write cyclic expressions.

Solution: £ and II are both Greek alphabets. ¥ is used to represent sum of terms, whereas IT is used to
represent product of terms in a cyclic expression.

2. Expand D.a’b, ) a’b,and > a’b.
ab

ab.c ab,.cd

Solution: Y a’b=a’b+b’a
ab

Z a*b=a*b+b*c+cta

ab.c
Z a*b=a*b+b*c+c*d+d*a
abecd
3. Expand (Za)2 and Y a’(b-c).
ab,c ab,c
2
Solution: [Z aJ =(a+b+ c)2
ab,c

Y. a*(b-c)=a*(b-c)+b*(c-a)+c’(a-b)

abc

@ :
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4. Expand H(az _bz)_

ab,c

Solution: H(02 - bz) = (a2 -b? )(b2 —c? )(c2 -a )

abc

5. Expand [ [(x+c).

ab,c

Solution [ [(x+c)= (x+a)(x+b)(x+c)

ab,c

(®)) RecalL

1. If all the terms of an algebraic expresion are of the same degree, then it is known as a homogeneous
expression.

A homogeneous expression is said to be complete if it contains all the possible terms in it.

An expression f(x,y) is said to be symmetric if f(x,y)=f(y,x) and if f(x,y,z)=f(y,x,2),then f(x,y,z) is
said to be symmetricin xand y.

If f(x,y,z) is symmetricin xandy, yand z, and zand x, then f(x,y,z) is said to be absolutely symmetric.
An expression f(x,y,z) is said to be cyclicif f(x,y,z)=f(y,z,x)=f(z,x,y) .
¥ (sigma) is a Greek alphabet which is used to represent sum of terms.

i I U

_IT (capital pi) is a Greek alphabet which is used to represent product of terms.

ot o Lo P A BTN DAL BT L O A E A PAE O P 7 P P ot =t

QUESTIONS
I. VERY SHORT ANSWER QUESTIONS Il. SHORT ANSWER QUESTIONS

1. What are homogeneous expressions? 11. What is a cyclic expression? Explain it.
2. Givetwoexamplesof homogeneous expressions. 12. Simplify: H(a —b)(a+b)
3. Is px* +qy*> homogeneous? If so, is it complete? oo

H H D 2 2 2
4. Is px® +gxy +rxy* +sy> homogeneous? If so, is 13. Simplify: g‘:(b -A)(b? +¢? +be)

it complete? - a9

. e _ 52

5. Whatis a symmetric expression? 14. Simplify: gzx (y Z )
3
" 2
. d: al -|>.a N
6. Expan [‘; :I [g:c } 15. Simplify: (;b—‘,ca) —(2‘202]
4
P 4 4 )
7. Simplify: {; a] —];[(a +b)" + Zb: a Il. LONG ANSWER QUESTIONS
16. Listthe properties of ahomogeneous expression.
8. Simplify: Y. (a* +b*)(a-b)’ " 2 2
abic 17. Simplify: a*(b+c)+b*(c+a)+c”(a+b)+2abc
9. Simplify: Y. (a+b)(a+2)(b-c) 18. Factorize: (a+b+c)’ —(a’ +b° +¢°)
ab.c

10. simplify: [ [(a+1)*+b? +c]

abc



IV. FILLINTHE BLANKS

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

azbl:ca(bz—cz)=
MN@-s)-_

3 ——

Product of two homogeneous expressions is

Expression ax + ay is and

The product and the quotient of two
homogeneous expressions are
expressions.

The sum, difference, product, and quotient of
two symmetric expressions are

The degree of a cyclicexpression helps determine
the number of it has.

5x* +13xyz+12xy — 9y’ is not as its
degree of terms is 2, 3, 2, and 2 (i.e., not equal).
In the homogeneous expression ax‘+bx’y
+oxly, are represented by the
coefficients a, b, and ¢, and are
represented by xand y.

: Cyclic Expressions * @

29. An expression that remains same after
interchanging the terms a+b, b+c,and c+a
is called a cyclic expression and its factors are

in nature.

TRUE OR FALSE

30. ax® +2bxy +by? is said to be a second-degree
homogeneous expression.

31. An expression f(x, y) is said to be symmetric if

fix, y) = f(y, x).

An algebraic expression f(x, y, z) in three variable

X, ¥, z is said to be cyclic if f(x,y,z)=f(y,z,x)

= f(Z, le) .

33. [[(x+a)=(x+a)(x+b)(x+c)

ab,c

3
34, (Zaj =a’+b*+¢*

abc

32

35. 3x*+5xy+92> is a homogeneous expression
where degree of each term is equal to 2.

36. A homogeneous expression is said to be
complete if it contains all the possible terms in it.
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PRACTICE SHEET

@ SINGLE CORRECT QUESTIONS
1. Simplify 5(3t—4)—(t2 +2)-2t(t-3).

(A) -3t* =21t -22 (B) 3t +21t +22 (C) -3t +21t-22

2. Theroots of the equation 4x” +4a’ +(a* ~b*)=0 are

1 1 T2 42
(A) —(-a’-0?) (8) >(a’ +b") (© 5(a*-0")
o 2\ 8
3. The simplified form of the expression ——J 7 is
. s N -
rs rst rs
A) — B) — C) —
(A) 3t (B) ) (€) yy

4. If a and B are the root of the equation 3x* -2x-8=0, then &’ -af + p* =

76 25 16
A 5 (B) 3 © 5

5. The nature of roots of the quadratic equation 3p” —2p+5=0 is
(A) real and equal (B) real and unequal (C) complex

6. The value of g for which the equation (g +1)x*> —2(q—1)x+1=0 has equal roots is

(A)O (8)3 (C) either (A) or (B)
7. If a and B are theroots of ax* + bx + c =0, then %+#=
b* —2ac -b b* —2ac
(A) 2 (B) — (€) 3
a c c

1 1
8. If o and p aretheroots of 4x* + 3x + 7 = 0, then the value of — +— is
a

B

-27 63 225
(A) 7y (B) = (C) 343

9. |If 2x*® +ax® —=5x +6 =0 is exactly divisible by x -3, then the value of a is
(A) 75 (B) -5 (C)-15

(D) 3t2 =21t +22

(D) Both (B) and (C)

rs
D) =
()2t

(D) =

(D) rational

(D)1

b* - 2ac
ac

(D)

225
0) —
243

(D) 15
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10, One of the factors of x' < x? 1 ax -4 |4

(A) x =1 B) x4 (C)x=2 (D) x+4
VLA ke 198" 14X -8 leaves a remalnder <20 when divided by x + 3, then the value of kIs
(A)3 (B) 2 (€4 (D)5

12, The remainder obtained when x* +3x* + 3x +1 s divided by x——zl- s

(A)0 ®) 1 @ -2
13. Expand Y a*b.
o,b
(A) a*b+b*a (B) bic+cb (C) bla (D) a’b+b’a-+ab
14. Expand Y. (a* +b*)(a-b)* .
a,b,¢
(A) (@ +b*)(@=b) +(b? +c*)(b=c)?
(B) (a2 4 b’)(a-—b)2 +(b2 -c? )(b4 c)? +(c’ + a’)(c -a)?
(C) (cz2 +b2)(a—b)2 +(b2 +c2)(b—c)2 4 (c2 +crz)(c—a)2
(D) (a*+b?)(a=b)* +(c* +a*)(c-a)’
15. Simplify R
PR T x—2 X_sx+d’
x> +6x+4 x?-6x-4 x*-6x-4 X2 +6x+4
A B C D
( )(x—1)(x+2)(x+4) (B) (x+N(x-2)(x—4) () (x=N(x+2)x—4) () (x=N(x+2)(x—4)
@ SINGLE CORRECT QUESTIONS
16. The square root of x™ " . x™+2m i ic
Ll lm+n2
(A) x™" (B) x\mn” (C) x 2 o x2""
-1 -1
17. Simplify X +,V-] .
(x+y)
Ly Y 2
A) (y-x) (B) (x-y) (©) (x+y) (D) (y+x)
Xy Xy
18. If the equation (1+m2)x2 +2mex + (c2 —az) =0 has equal roots, then
(A) c2=(1+m2) (B) az=c2(1+m2) (C) c2=a2(1+m2) (D) c2=a2(m2)

19. If (¢ +B) and (a—pB)* are the roots of a quadratic equation such that «+ f=-7 and af =12, then the
equation is

(A) 3x2 +50x+49=0 (B) x> +25x+50=0 (C) x> -50x+49=0 (D) =7x* +12x+49=0

(145
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20. If @ and B areroots of ax® +bx +c =0, then the equation whose roots are 2+a and 2+ is

(A) ax* +(4a-b)x+4a+c-2b=0 (B) ax* +(4a—-b)x +4a+c+2b=0
(C) ax* +(b—4a)x+4a+c+2b=0 (D) ax®> —(b—4a)x+4a+c-2b=0

21. If 2x® +3x? +ax + b isdivided by x + 2, it leaves a remainder 2 and if divided by x — 2, it leaves a remainder —2. The
values of a and b, respectively, are

(A)7,162 (B)-7,-16 (€)9,-16 (D)-9,-12
22. If the polynomials ax® +4x* +3x—4 and x*> —4x+a leave the same remainder when divided by x — 3, then the
value of ais
(A)1 (B)2 (€)1 (D)-3
23. Expand T x? (y2 -~z )
X,y.z
(A)o (B)1 ()2 (D) Not defined
24. Expand Y a’b.
ab,c
(A) ¥ a’b=a*b+b’a (B) X a’b=b’c+c’a
ab,c . a,b,c
(Q) ¥ a’b=a*b+bic+cia (D) % a’b=a’b+c’a
a,b,c a,b,c

25. Expand 3 (b—c)(b+c).
ab,c
(A)o (B)1 (€)1 (D) Not defined

@ SINGLE CORRECT QUESTIONS
26. The unique solution to the system 30x—-6y =3, —10x+5y =4 is

3 1
@32 2 @ 3 30 o2 2 o= 1
13 5 5 13 30 3 13 6
L -1 .
27. If o and B are the roots of the equation x* —2x+3 =0, then the equation whose roots are a_: and % is
o+ +
(A) 3x* —2x-1=0 (B) x* —=3x+1=0 (C) 3x* —2x+1=0 (D) 3x* +2x+1=0

28. Given that a-and 8 are the roots of the equation ax?+ bx + ¢ = 0, the equation whose roots are a® + [32,&17 + lz is

B

2

(A) a*c*x? +(b2 —2ac)(a2 +c2)x+(b2 —2ac)2 =0 (B) a*c*x? —(b2 —2ac)(a2 +c2)x+(b2 —2ac) 0

(C) a*c*x? —(b2 —2ac)(a2 +c2)x—(b2 —Zac)2 =0 (D) a*c’x? +(b2 —2ac)(a2 +c2)x—(b2 ~2ac)2 0
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2\3 2\3
29. If @ and B are the roots of the equation 8x* —3x+27 =0, then the value of (%) +LE—) is

w1 B8) o’ (D)4
4 3 2

30. The expanded form of [] (x+c) is

a,b,¢c

(A) (2a)(2b)(2¢) (B) (@a+b)b+c)c+a) (O (x+a)x+b)(x+c) (D) abc

Read the two statements carefully to choose the correct option out of the options given below:
(A) Both statements are true. (B) Both statements are false.

(C) Statement | is true. Statement |l is false. (D) Statement | is false. Statement Il is true.

@ STATEMENT BASED QUESTIONS

31. Statementl: t3 +1=(t+1)(1‘2 —t+1)

Statement Il: 4t =12t +9 =(2t + 3)?

1

+—
32. Statement i: Simplified form of %‘1 is _CE
C_
T2
c-1
] . . 3-2
Statement II: Simplified form of 1+ L is X,
1 2—-Xx
1+ —
1+ x

@ STATEMENT BASED QUESTIONS

33. Statement I: The number of real roots of 32 7*7 =9 s 2.

Statement II: If A <0, a quadratic equation has real and unequal roots.

>

: 1
34. Statement I:If ., B are the roots of ax® + bx+c=0,then | 7——+— %+£2 &
a’ —-af+B° || B c

-b c
Statement ll: If a, 8 are the roots of ax® +bx+c=0,then a+f = = and aff =—.
a

@ STATEMENT BASED QUESTION

35. Statement I: The expanded formof ¥ (a+1)° (a2 —c ) is (a+1)° (b2 —-c )+ b+1) (c2 -a ) +(b+1) (c2 —az) :

ab,c

Statement II: I1 is a Greek alphabet which is mainly used to find the sum of given things or terms.
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@ MULTI CORRECT QUESTIONS

36. The given graph illustrates the solution of two equations. Since this solution can also be a solution to another
system of equations, identify the equations from the options below:

A

v\s < 16,5
a3= 1

X' < 5 > X
-1—1¢(1,-1
==l
-3
-44—(0,-4)
5t
Y
Y!
(A) 4x+6y =20 (B) 4x+3y=20 (C) 6x+2y=38 (D) 6x—2y=8
37. If a,p aretheroots x> +x+1=0, then
a p 1 1 a B 1. .1
(A) —+==1 B) —+—=1 C) —+—=-1 (D) —+—=-1
()ﬁa ()062 5 (),Ba 2" g

@ MULTI CORRECT QUESTIONS

38. Find the value of a if the division of x> +5x> —ax+6 by x —1 leaves a remainder 2a.
(A) % (B) 4 (€)12 (D) 16

39. Which of the following divisor-remainder combination is correct when the dividend is 2x®> —3x> +4x-5.
(A) x+3,-98 (B) x—2,7 (C) x+1,-14 (D) x-1,2

@ MULTI CORRECT QUESTIONS

40. Identify the correct expanded form.

(A) Zl))(a+b)=(a+b)+(b+c)+(c+a) (B) [I(a+b)=(a+b)b+c)(c+a)
a, ab,c
b 2 2\ _ (.2 2\(p2 , 2)( -2 2
(© > a=abe (D) agc(a +6%)=(a* +67)(b* +*)(c* +a*)
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@ INTEGERTYPE QUESTION

9 4
41. Find the value of « if > (23x) =ox',
X

@ INTEGER TYPE QUESTION

42. If a and f3 are the roots of the equation x> —2x—1=0, then the value Iazﬁ +a/32| is .

@ COMPREHENSION TYPE QUESTIONS

If a function p(x)=ax® +bx* +cx+d is divided by x—k, then to determine the value of the remainder, put

x -k =0 which gives x =k .On substituting kfor xin p(x), we get the remainder of division. This is the remainder
theorem.

43. Find the remainder when x* +3x? +3x+1 is divided by x+1.
(A) 1 (B)4 Qo (D)5

44. Find the remainder when x* +3x? +3x+1 is divided by x—%.
11

-3 ® 2 © 1 (D) 1
8 8

45. If the remainder obtained on dividing x* +3x* +3x+1 by x+k is —1, then the value of k is
(A) 2 (B) -1 €o (D) -2

@ COMPREHENSION TYPE QUESTION

- b
If a, B aretheroots of ax* +bx+c=0,then a+B=— and aff =—.

a

46. If a,p aretheroots of 2x* —3x+5=0,then &’ + B’ =

5 1 -1 A%
(A) = (B) — C) — D) —
) = (C) 5 (D) 0

@ COMPREHENSION TYPE QUESTIONS

47. If a,f arethe roots of ax® +bx+c=0,then i+£=
ﬁZ aZ
3abc -b? 3abc - b? 3abc-b? —b
(A) ——— (B) —— (€) Lzb (D) 3abc—-b
a ac ac C3
=3 -3
48, If a,f are the roots of ax® +bx+c=0,then a_3+[3_3=
o
m 2 () 25 q 2’ 28
a3 C3 ( ) ? (D) b—l‘l
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@ MATRIX MATCH QUESTION

49. Match the real roots of the equations in column | with those given in column II.

Note: [x|= modulus of x

Column| Columnlli
@@ |x[ -7|x|+12=0 (i) x4
(b) | x[* +7| x| +10=0 (i) £5
(@) |x}-|x|-6=0 (iii) +2
(d) | x|* -25=0 (iv) £3
(v) no real roots

(A) a-i,iv; b-v; c-iv; d-ii (B) a-i,iii; b-ii; c-v; d-iv (C) a-v; b-i,ii; c-i; d-iii (D) a-v; b-iv; c-ii; d-v

@ MATRIX MATCH QUESTION
50. Column Il gives the value of the polynomials in column | at the mentioned points. Match them correctly.
Columnl Columnli
(a) 3t3—2t2+tatt=% ()2
) 2
(b) 3x® + x> —20x+12 atx=§ (i) -1
a3
(€) 7u° —4u® +2 atu=0 (iii) 3
(d) (35-1)(25-3) ats=% (iv)0
v 2
3

(A) a-v; b-iii; c-ii; d-i (B) a-iii; b-iv; c-i; d-ii (C) a-i; b-iv; c-iii; d-iv (D) a-ii; b-i; c-v; d-ii

KEY BOX
[ 3IATGERR, ‘
Single Correct Questions

1 2 3 4 5 6 7 8 10
C A A G C (@ C A
11 12 13 14 15 16 17 18 19 20
A C A C C A D (G C D
21 22 23 24 25 26 27 28 29 30
D C A C A C C B A C
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Statement Based Questions

31 32 33 34 35
C C C D B
J B ’ Multi Correct Questions
36 37 38 39 40
A D D A B A B,C B,D
AT obtss Integer Type Questions ;
41
16 2
= e L  Comprehension Type Questions
43 44 45 46 47 48
C B D D C B
: S Matrix Match Questions
49 50
A B
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